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Greedy Algorithms

? Greedy algorithmsnake decisions thaseemto be the best
at the time.

? Usually, there igpreprocessindpefore decisions are made.
? Usually, there exist greedgriteria.

? In Real-Timeand On-Line problems:
The presentcannot change thepast
The presentcannot rely on the un-knowiuture.
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How and When to use Greedy Algorithms?

? Establish trivial solutions for a problem of a small size;
usuallyn=0 orn=1.

? For a problem of sizen, look for a greedy decision that
reducesthe size of the problem to somle<n.

? Then, applyrecursion
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The Coin Changing Problem

Input:
? Integer coin denominationd,, > >d,>d;=1.
? An integer amount to payA.

Output: Number of coinsn; for each denominationl; to get
the exact amount.

Goal: Minimize total number of coins.
?N =n, + + N, + Ny

Remark: There is always a solution witN = A sinced; = 1.
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? USA:dg =100, ds =50,d, =25,d3=10,d,=5,d; = 1.
A=73=2 25+2 10+3 1
N=2+2+3=7.

? Old British: d3 =240, d, =20, d; = 1.
A=307=1 240+3 20+7 1
N=1+3+7=11.
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Greedy Solution

ldea: Use the largest possible denomination and updAte

Implementation:

Coin-Changinfd,, > >d,>d=1)
fori = n downto 1
Ny = bA:dC
A = A mod n;
Return(N = n, + + Ny + Nq)

Correctness: A = npd, + n, 1dy, 1+ nod> + nqds.

Complexity: ( n) division and mod integer operations.
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Optimality

? Greedyis optimal for the USA system.

? A coin system for whiclGreedyis not optimal:
dz:=4,d>=3,d;=1 andA =6:
Greedy:6=1 4+2 1 ) N =3.
Optmal: 6=2 3 ) N =2.

? A coin system for whiclGreedyis very \bad":
dz:=x+1,d,=x,d; =1 andA =2X:
Greedy:2x =1 (x+1)+(x 1) 1 ) N =x.
Optimal: 2x =2 x ) N =2.
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Optimal solution: Checkall possible combinations.
? Not a polynomialtime algorithm.

Another optimal solution: Polynomial in bothn and A.
? Not a strongly polynomiakime algorithm.

Objective:
? Find a solution that is polynomial only in.
? Probablyimpossible!
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The Knapsack Problem

Input:

? The valueof item I isv(l;) and itsweightis w(l;).
Both are positive integers.
? The thief cancarry at most weightW.

? The thief eithertakesall of item |; or not.

Goal: Carry items withmaximumtotal value.
? Which are thesetems?
? What is their total value?
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A General Greedy Scheme

? Orderthe items according to somgreedy criterion

? If weight of item|; from the top of the listis\ W":
Take item ;.

new maximum weightv. w(l;).

? Otherwise:
lgnoreitem 1.

maximum weight\W .
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A General Greedy Scheme { Implementation

= ; (* the set of items the thief takes *)
V =0 (* the value of these items *)
fort=11ton
Tw(Jdi) W then
S=3S [f Jig
V =V + v(J)
W =W W(Ji)
Return(S; V)

Analysis of Algorithms

10



Greedy Criteria

Greedy criterion |
? Order the items by theivalue
from the most expensivéo the cheapest

Greedy criterion I
? Order the items by theimweight
from the lightest to the heaviest

Greedy criterion IlI

? Order the items by theiratio of value over weight:

from the largestratio to the smallestratio.
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The three criteria are not optimal

Counter example for criteria | and IlI:

? Three itemsl 1;1,;13 and W = 10.
Weights and values ardn; 10, hb; 61, hb; 6i .

? Optimal takes itemsl, and I3 for a prot of 12
? Greedy lor Greedy llttake only iteml, for a prot of 10.

Counter example for criterion II:
? The value ofl 1 iIs 13. The rest Is as before.
? Optimal takes only iteml ; for a prot of 13.
? Greedy llthat takes itemsl, and I3 for a prot of 12
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The Fractional Knapsack Problem

? The thief can takeportions of items.

? If the thief takes afraction 0 p; 1 of itemii:
Its value isp;V;.
Its weight isp;w;.

Theorem: Greedythat usesCriterion Illis optimal.
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pi =1: all of item I; is taken.
pi = 0: noneof item I; is taken.
O<p; < 1. somebut not all of item |; is taken.

? SinceGreedyfails, there exist; andl; such that:

v(li) v(li) | |
w(li) > w(|lj) andp; < landp; > 0.

? But, it Is more pro table to take more of item |; and lessof item I;.

? Because eachinit of weight of item I; has more value than eachunit
of weightof item [;.

? A contradictionto the optimality of Optimal.
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The 0 1 Knapsack Problem

Optimal solution: Checkall possible sets of items.
? Not a polynomialtime algorithm.

Another optimal solution: Polynomial in bothn and W.
? Not a strongly polynomiatime algorithm.

Objective:
? Find a solution that is polynomial only in.
? Probablyimpossible!
? However,Greedyproduces\good" solutions.
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The Activity-Selection Problem

Input:

? Activity A; Is associated with @me interval[s;;f;) for s; <f ;.
Ai needs the service from timg until just before timef;.

Mutual Exclusion: The resource serves most one activity at any time.
De nition: A; and A; arecompatibleif eitherf; s; orf; s;.

Goal: Find amaximum sizeset of compatible activities.
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Input: 3 activitiesA1 =[1;4); A, =[3,6); As=1[5;8).
A graphical representation:

activities
A3
A2
%
| | ; ; } | } f time
1 2 3 4 5 6 7 8
The best solution:
activities
Ay ) As
| f | ; } | } f time
1 2 3 4 5 6 7 8
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Static vs. Dynamic

Static: The greedycriterion Is determined in advance and
cannot be changed during the execution of the algorithm.

Dynamic: The greedy criterion may change during the
execution of the algorithm based on some decisions.

Remark: A static criterion is also adynamiccriterion.
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A General Static Greedy Scheme

? Maintain a setS of the activities that have been selected so far.
? Initially, S = ; and at the end,S is anoptimal solution.

? Order the activities following some greedy criterion amdnsiderthe
activities according to this order.

? Let A be the current considered activityl A is compatible with all the
activities in S:
Then addA to S.
Else ignoreA.

? Continueuntil there are no activities to consider
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A General Dynamic Greedy Scheme

? Maintain two sets of activities:
S those that have been selected so far.

R those that can still be selected.
At the end, S is anoptimal solution andR = ;.

? Selecta\good" activity A from R, following some greedy criterion.
? Add A to S.
? Throw from R all the activities that are not compatible with activitA.

? Continueuntil R is empty.
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Greedy Criteria

Three criteria:
Prefershort activities.
Preferactivities intersectingew other activities.
Preferactivities that start earlier
Preferactivities that terminateearlier

Optimality: Only the fourth criterion isoptimal.

Remarks:
All four criteria arestatic in their nature.
The second criterion can be implemented to g¢gnamic
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An Optimal Greedy Solution

Preprocessin@q;:::;An)
Sort the activities according to their nish time
Let this order beAq;:: ;A (*i<j ) i f; %

Greedy-Activity-Select@A1;:::; An)
S=fA;g (* Aiterminates the earliest *)
j =1 (* A is the current selected activity *)
fori =2 to n (* scan all the activities *)
Tsi  fj (* check compatibility *)
then (* select A; that is compatible withS *)
S=S[f Aig
j =1
else(* A;j is not compatible *)
Return(S)
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Correctness and Complexity

Correctness: By de nition.

Complexity:

?T
?T
? A

ne sorting can be done iI®(nlogn) time.
nere areO(1) operations per each activity.

| together: O(nlogn)+ n O(1) = O(nlogn) time.
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Analysis of Algorithms

Example - Input

activities
A, —
Al 5
A, 5
Ag P
A, 5
A 5
As
A, —
A, 5
A, P
Al b
Zi. 4 é 6 7 é .é) ZﬂO 1}1 1}2 1}3 1L1 i5

time
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Example - Output

activities

A11 ! >

Ag _—

A, —

Al —_
: | : : | : : : : : : : : : : time
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Analysis of Algorithms 25



Optimality

? Let T be anoptimal set of activities.

? TransformT to S preservinghe size ofT .

? Let A; be the rst activity that is in T and not inS.

? All the activities InT that nish beforeA; are also InS.
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Optimality

?A; 2S5 )9 A; 2S thatisnotinT In whichj <1 .

? A Is compatible with all the activities InT that nish
beforeit since they are all Ir.

? A Is compatible with all the activities IT that nish after
A; since it nishes beforé\;.

? Therefore, T [f A;gnfA;gis a solution with thesamesize
asT and henceoptimal.

? Continuethis way until T becomesS.
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activities

> > >» >» >» >» > > >» > 2P
N W 0 o N 0 0w o

f f ; f f ; f f f f f f ; ; f time
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Another optimal solution with4 activities.
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activities

> > >» >» >» >» > > >» > 2P
N W 0 o N 0 0w o

f f ; f f ; f f f f f f ; ; f time
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A third optimal solution: after therst transformation.
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activities

> > >» >» >» >» > > >» > 2P
N W 0 o N 0 0w o

f f ; f f ; f f f f f f ; ; f time
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The greedysolution: after thesecondtransformation.
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Input:

? A freguencyf for each symbola
fi=1.
=1

? A File F containingL symbols from the alphabet.

a; appearsexactlyn; = f; L timesinF.

Output:
? For symbola;, 1 1 n:
A binary codewordw; of length ;.

? A compressed (encodedjinary le F%of F.
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Hu man Codes { Goal

? L%the length of F ® should beminimal

? An e cient algorithm to nd the n codewords.
Goodpolynomial running time Q(n logn)).

? E cient encodingand decodingof the le
Should be done I©O(B)-time.
B is the size of the original le inits.
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? A le with the alphabeta; b; c; d; e; f containing100 symbols.
N =45 N, =13;Nn:=12; ng=16;n=9;ns =5.

? Codel :
w, = 000; w, = 001; w; =010; wg = 011; we =100; w; = 101.
Length ofencodedle is 300

? Codell :
wy; =0;wp=101; w. =100; wq =111;we =1101; w; =1100.
Length ofencodedle is 1 45+3 13+3 12+3 16+4 9+4 5 = 224.

? Codell isoptimal, 25% better than codel.
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Pre x Free Codes

De nition: A pre x free code Is a code in which no codeword
IS a pre x of another codeword.

Examples: Both codel and codell are pre x free.

Proposition: A code in which the lengths of all the codewords
IS the samels a pre X free code.

Theorem: Alwaysexists anoptimal pre x free code.

Encoding: \Easy". Using tables.

Decoding: By scanningthe coded text once.
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Binary Tree Representation for Pre x Free Codes

? A code can beepresentedoy a rooted and ordered binary
tree with n leaves.

? Each leafstoresa codeword.

? The codeword corresponding to a leaf is de ned by the
unique pathfrom the root to the leaf:

O for going left.
1 for goingright.
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Example: Code I

? A leafis represented by the symbol and its frequency.

? An internal nodeis labelled by the sum of the frequencies
of all the leaves in its subtree.
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Binary Tree Representation

Proposition: The binary tree represents are x free code
since a path to a leatannotbe a pre x of any other path.

Complexity:
? f (x) the frequency of a leak.
? (x) the length of the path from the root tax.

P
? The costof the tree iIs:B(T) = g |eaf, (f (X) (X)).
B(T) is the averagelength of a codeword.

? The length of the encoded le: 5 g5, (N(X) (X)).
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A Structural Claim

Lemma: Let T be a tree that represents anptimal code.
Then eachinternal node in the tree haswo children.

Proof:

? Let z be an internal node with only one child

? There are2 cases:
Case l:z Is the root.

Case Il:z is not the root.
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Case |

? z Is the root:
Makey the new root.
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Case |l

? z IS not a root andp Is its parent:

Bypassz by makingy the child ofp.
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? In both cases

“(x) of all the leaves in the sub-tree rooted a is
reducedby 1.

These are theonly changes.
As a result the cost of the tree isnproved
A contradictionto the optimality of the code.
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0
000

Analysis of Algorithms

Example: Code |

1 0 1 0 1
001 010 011 100 101

B(T) = 300
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Analysis of Algorithms

Example: Improving Code |

B(T)=3 86+2 14 =286
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Hu man Algorithm

? Constructa coding treebottom-up.

? Maintain a forestwith n leaves in all of its trees.
Each tree isoptimal for its leaves.

? Initially, there aren singletontrees in the forest.
Each tree is a leaf.

? The frequencyof a tree is the sum of the frequencies of all of its leaves.

? Greedystep:
Find the two trees with theminimum frequencies.
Combinethem together into one tree.
The frequency of the new tree is theum of the frequencies of the
two combined trees.

? Terminate when there isonly onetree in the forest.
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Correctness

? Hu man algorithm generatesa binary tree withn leaves.

? A binary treerepresentsa pre x free code.
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Implementation { Data Structure

? A forest of binary trees

Initially, the forest containsn singleton trees.
At the end, the forest contains one tree.

? The frequencies of the trees in the forest are maintained in
a priority queueQ.

Initially, the queue contains tha original frequencies.

At the end, the queue contains one frequency which is
the sum of all original frequencies.
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Implementation { Procedure

fortr=1ton 1 (*the combination loop *)
z = Allocate-Nodé¢) (* creating a new root *)
X = left (z) = Extract-Min(Q)
(* lightest tree is the left sub-tree *)
y = right (z) = Extract-Min(Q)

(* second lightest tree is the right sub-tree *)
f(z)=f(x)+ f(y) (* frequency of new root *)
Inser(Q;f (z)) (* inserting the new root to the queue *)

return Extract-Min(Q) (* last tree is the Hu man code *)
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Complexity

? Implement the priority queue with &inary Heap

? The complexity ofBuild-Queueis O(n).
? The complexity ofExtract-Min and Insertis O(logn).
? The loop Is executed(n) times.

? The complexity of all the Extract-Min and the Insert
operations i1O(n logn).

? The total complexity is:O(nlogn).
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Optimality - First Lemma

? Let A be an alphabet.

? Let x and y be the two symbols IPA with the smallest
frequencies.

? Then, there exists amptimal tree in which:
X andy are adjacentleaves (di er only in their last bit).
X andy are thefarthestleaves from the root.
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? Let z and w be adjacentleaves in an optimal tree that are
the farthest from the root.

? Exchangingz and w with x and y yields a tree with a
smaller or equactost.

Analysis of Algorithms 55



Optimality - Second Lemma

? Let T be anoptimal tree for the alphabetA.

? Let X;y beadjacent leavesn T and letz be theirparent

? Let A? be A with a new symbolz replacingx andy with
frequency:f (z) = f (x) +  (y).

? Let T% be the treeT without the leavesx andy and with
Z as anew |eaf.

? Then T%is anoptimal tree for the alphabetA®
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? Let T%be an optimal tree withsmallercost thanT?

? Replacingz in T®with the two leavesx andy createsa
tree with asmallercost thanT.

? A contradictionto the optimality of T.

Analysis of Algorithms 57



Optimality

Theorem: Hu man code isoptimal.

Proof:
? By induction

? The rst lemma implies that the rst greedystep is a
rst step towards an optimal solution.

? The second lemma justi es thenductive steps, applying
again and again the rst lemma.
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