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Greedy Algorithms

? Greedy algorithmsmake decisions thatseemto be thebest
at the time.

? Usually, there ispreprocessingbefore decisions are made.

? Usually, there exist greedycriteria.

? In Real-Timeand On-Lineproblems:

� The presentcannot change thepast.

� The presentcannot rely on the un-knownfuture.
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How and When to use Greedy Algorithms?

? Establish trivial solutions for a problem of a small size;
usuallyn = 0 or n = 1 .

? For a problem of sizen, look for a greedy decision that
reducesthe size of the problem to somek < n .

? Then, applyrecursion.
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The Coin Changing Problem

Input:

? Integer coin denominationsdn > � � � > d 2 > d 1 = 1 .
? An integer amount to pay:A .

Output: Number of coinsni for each denominationdi to get
the exact amount.

? A = nn dn + nn � 1dn � 1 + n2d2 + n1d1.

Goal: Minimize total number of coins.

? N = nn + � � � + n2 + n1.

Remark: There is always a solution withN = A sinced1 = 1 .
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Examples

? USA:d6 = 100, d5 = 50, d4 = 25, d3 = 10, d2 = 5 , d1 = 1 .

� A = 73 = 2 � 25 + 2 � 10 + 3 � 1.

� N = 2 + 2 + 3 = 7 .

? Old British: d3 = 240, d2 = 20, d1 = 1 .

� A = 307 = 1 � 240 + 3 � 20 + 7 � 1.

� N = 1 + 3 + 7 = 11 .
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Greedy Solution

Idea: Use the largest possible denomination and updateA .

Implementation:

Coin-Changing(dn > � � � > d 2 > d 1 = 1)
for i = n downto 1

ni = bA=di c
A = A mod ni

Return(N = nn + � � � + n2 + n1)

Correctness: A = nn dn + nn � 1dn � 1 + n2d2 + n1d1.

Complexity: �( n) division and mod integer operations.
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Optimality

? Greedyis optimal for theUSA system.

? A coin system for whichGreedyis not optimal:
� d3 = 4 , d2 = 3 , d1 = 1 and A = 6 :
� Greedy:6 = 1 � 4 + 2 � 1 ) N = 3 .
� Optimal: 6 = 2 � 3 ) N = 2 .

? A coin system for whichGreedyis very \bad":
� d3 = x + 1 , d2 = x, d1 = 1 and A = 2x:
� Greedy:2x = 1 � (x + 1) + ( x � 1) � 1 ) N = x.
� Optimal: 2x = 2 � x ) N = 2 .
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E�ciency

Optimal solution: Checkall possible combinations.

? Not a polynomialtime algorithm.

Another optimal solution: Polynomial in bothn and A.

? Not a strongly polynomialtime algorithm.

Objective:

? Find a solution that is polynomial only inn.

? Probablyimpossible!
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The Knapsack Problem

Input:

? A thief enters a store and �ndsn items I 1; : : : ; I n .
? The valueof item I i is v(I i ) and its weight is w(I i ).

� Both are positive integers.
? The thief cancarry at most weightW .
? The thief eithertakesall of item I i or not.

Goal: Carry items withmaximumtotal value.

? Which are theseitems?
? What is their total value?
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A General Greedy Scheme

? Order the items according to somegreedy criterion.

? If weight of item I i from the top of the list is \� W ":
� Take item I i .
� Continue recursivelywith I 1; : : : ; I i � 1; I i +1 ; : : : ; I n and

new maximum weightW � w(I i ).

? Otherwise:
� Ignoreitem I i .
� Continue recursivelywith I 1; : : : ; I i � 1; I i +1 ; : : : ; I n and

maximum weightW .
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A General Greedy Scheme { Implementation

Non-Recursive Knapsack(I 1; : : : ; I n ; w(�); v(�); W )
Let J1; : : : ; Jn be the new order on the items.
S = ; (* the set of items the thief takes *)
V = 0 (* the value of these items *)
for i = 1 to n

if w(J i ) � W then
S = S [ f J i g
V = V + v(J i )
W = W � w(J i )

Return(S; V)
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Greedy Criteria

Greedy criterion I
? Order the items by theirvalue:

� from the most expensiveto the cheapest.

Greedy criterion II
? Order the items by theirweight:

� from the lightest to the heaviest.

Greedy criterion III
? Order the items by theirratio of value over weight:

� from the largestratio to the smallestratio.
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The three criteria are not optimal

Counter example for criteria I and III:

? Three itemsI 1; I 2; I 3 and W = 10.
� Weights and values are:h6; 10i , h5; 6i , h5; 6i .

? Optimal takes itemsI 2 and I 3 for a pro�t of 12.
? Greedy Ior Greedy IIItake only itemI 1 for a pro�t of 10.

Counter example for criterion II:

? The value ofI 1 is 13. The rest is as before.
? Optimal takes only itemI 1 for a pro�t of 13.
? Greedy IIthat takes itemsI 2 and I 3 for a pro�t of 12.
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The Fractional Knapsack Problem

? The thief can takeportionsof items.

? If the thief takes afraction 0 � pi � 1 of item i :

� Its value ispi vi .

� Its weight ispi wi .

Theorem: Greedythat usesCriterion III is optimal.
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Proof

? Assume thatGreedyfails on the inputI 1; : : : ; I n and the weightW .

? Let the portions taken byOptimal be p1; : : : ; pn .
� pi = 1 : all of item I i is taken.
� pi = 0 : noneof item I i is taken.
� 0 < p i < 1: somebut not all of item I i is taken.

? SinceGreedyfails, there existI i and I j such that:
� v( I i )

w( I i )
> v( I j )

w( I j ) and pi < 1 and pj > 0.

? But, it is morepro�table to take moreof item I i and lessof item I j .

? Because eachunit of weight of item I i has more value than eachunit
of weight of item I j .

? A contradiction to the optimality of Optimal.
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The 0 � 1 Knapsack Problem

Optimal solution: Checkall possible sets of items.

? Not a polynomialtime algorithm.

Another optimal solution: Polynomial in bothn and W .

? Not a strongly polynomialtime algorithm.

Objective:

? Find a solution that is polynomial only inn.
? Probablyimpossible!
? However,Greedyproduces\good" solutions.
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The Activity-Selection Problem

Input:

? Activities A1; : : : ; An that need theserviceof a common resource.

? Activity A i is associated with atime interval [si ; f i ) for si < f i .

� A i needs the service from timesi until just before timef i .

Mutual Exclusion: The resource servesat most one activity at any time.

De�nition: A i and A j are compatibleif either f i � sj or f j � si .

Goal: Find a maximum sizeset of compatible activities.
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Example

Input: 3 activities A1 = [1 ; 4); A2 = [3 ; 6); A3 = [5 ; 8).

A graphical representation:

76541 2 3

activities

2A

3A

A 1

time
8

The best solution:

654321 7

3A

8
time

1A

activities
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Static vs. Dynamic

Static: The greedy criterion is determined in advance and
cannot be changed during the execution of the algorithm.

Dynamic: The greedy criterion may change during the
execution of the algorithm based on some decisions.

Remark: A static criterion is also adynamiccriterion.
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A General Static Greedy Scheme

? Maintain a setS of the activities that have been selected so far.

? Initially, S = ; and at the end,S is anoptimal solution.

? Order the activities following some greedy criterion andconsiderthe
activities according to this order.

? Let A be the current considered activity.If A is compatible with all the
activities inS:
� Then addA to S.

� Else ignoreA.

? Continueuntil there are no activities to consider
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A General Dynamic Greedy Scheme

? Maintain two sets of activities:
� S those that have been selected so far.

� R those that can still be selected.

� Initially, S = ; and R = f A1; : : : ; An g.

� At the end, S is anoptimal solution andR = ; .

? Selecta \good" activity A from R, following some greedy criterion.

? Add A to S.

? Throw from R all the activities that are not compatible with activityA.

? Continueuntil R is empty.

Analysis of Algorithms 20



Greedy Criteria

Three criteria:
� Prefershort activities.
� Preferactivities intersectingfew other activities.
� Preferactivities that start earlier.
� Preferactivities that terminateearlier.

Optimality: Only the fourth criterion isoptimal.

Remarks:
� All four criteria arestatic in their nature.
� The second criterion can be implemented to bedynamic.
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An Optimal Greedy Solution

Preprocessing(A1; : : : ; An )
Sort the activities according to their �nish time
Let this order beA1; : : : ; An (* i < j ) f i � f j *)

Greedy-Activity-Selector(A1; : : : ; An )
S = f A1g (* A1 terminates the earliest *)
j = 1 (* A j is the current selected activity *)
for i = 2 to n (* scan all the activities *)

if si � f j (* check compatibility *)
then (* select A i that is compatible withS *)

S = S [ f A i g
j = i

else(* A i is not compatible *)
Return(S)
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Correctness and Complexity

Correctness: By de�nition.

Complexity:

? The sorting can be done inO(n logn) time.

? There areO(1) operations per each activity.

? All together: O(n logn) + n � O(1) = O(n logn) time.
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Example - Input

97 86 10 151413121154321
time

activities

7

6

5

4

8

11A

10A

9

A

A

2A

1A

A

A

A

A

A

3
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Example - Output

4 5 6 87 93
time

1 2 10

A

A

4

8

A 11

1

11 12 13 14 15

activities

A
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Optimality

? Let T be anoptimal set of activities.

? TransformT to S preservingthe size ofT .

? Let A1; : : : ; An be ordered by their�nish time.

? Let A i be the�rst activity that is in T and not in S.

? All the activities inT that �nish beforeA i are also inS.
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Optimality

? A i =2 S ) 9 A j 2 S that is not in T in which j < i .

? A j is compatible with all the activities inT that �nish
beforeit since they are all inS.

? A j is compatible with all the activities inT that �nish after
A i since it �nishes beforeA i .

? Therefore,T [ f A j g n fA i g is a solution with thesamesize
as T and henceoptimal.

? Continuethis way until T becomesS.
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Example

time
1 2 3 4 5 6 87 9 10 11 12 13 14 15

activities

A 1

A 2

A

A 3

A

A

A

A

A

4

5

6

7

8

9

A 10

A 11

Another optimal solution with4 activities.
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Example

time
1 2 3 4 5 6 87 9 10 11 12 13 14 15

activities

A 1

A 2

A

A 3

A

A

A

A

A

4

5

6

7

8

9

A 10

A 11

A third optimal solution: after the�rst transformation.
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Example

time
1 2 3 4 5 6 87 9 10 11 12 13 14 15

activities

A 1

A 2

A

A 3

A

A

A

A

A

4

5

6

7

8

9

A 10

A 11

The greedysolution: after thesecondtransformation.
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Hu�man Codes

Input:
? An alphabet ofn symbolsa1; : : : ; an .
? A frequencyf i for each symbolai :

�
P n

i =1 f i = 1 .
? A File F containingL symbols from the alphabet.

� ai appearsexactlyni = f i � L times in F .

Output:
? For symbolai , 1 � i � n:

� A binary codewordwi of length ` i .
? A compressed (encoded)binary �le F 0 of F .
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Hu�man Codes { Goal

? L 0 the length ofF 0 should beminimal.

? An e�cient algorithm to �nd the n codewords.

� Goodpolynomial running time (O(n logn)).

? E�cient encodingand decodingof the �le

� Should be done inO(B )-time.

� B is the size of the original �le inbits.
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Example

? A �le with the alphabet a; b; c; d; e; f containing100 symbols.

� na = 45; nb = 13; nc = 12; nd = 16; ne = 9 ; nf = 5 .

? CodeI :

� wa = 000; wb = 001; wc = 010; wd = 011; we = 100; wf = 101.

� Length ofencoded�le is 300.

? CodeII :

� wa = 0 ; wb = 101; wc = 100; wd = 111; we = 1101; wf = 1100.

� Length ofencoded�le is 1�45+3�13+3�12+3�16+4�9+4 �5 = 224.

? CodeII is optimal, � 25% better than codeI .
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Pre�x Free Codes

De�nition: A pre�x free code is a code in which no codeword
is a pre�x of another codeword.

Examples: Both codeI and codeII are pre�x free.

Proposition: A code in which the lengths of all the codewords
is the sameis a pre�x free code.

Theorem: Alwaysexists anoptimal pre�x free code.

Encoding: \Easy". Using tables.

Decoding: By scanningthe coded text once.
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Binary Tree Representation for Pre�x Free Codes

? A code can berepresentedby a rooted and ordered binary
tree with n leaves.

? Each leafstoresa codeword.

? The codeword corresponding to a leaf is de�ned by the
unique pathfrom the root to the leaf:

� 0 for going left.

� 1 for going right.
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Example: Code II

0

0

0

0

0

55

e:9

d:1614

3025

1

101

1100 1101

111

f:5

100

1

1 1

1

0

b:13

100

a:45

c:12

? A leaf is represented by the symbol and its frequency.

? An internal nodeis labelled by the sum of the frequencies
of all the leaves in its subtree.
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Binary Tree Representation

Proposition: The binary tree represents apre�x free code
since a path to a leafcannotbe a pre�x of any other path.

Complexity:

? f (x) the frequency of a leafx.

? `(x) the length of the path from the root tox.

? The cost of the tree is:B (T) =
P

a leaf x (f (x) � `(x)) .
� B(T) is the averagelength of a codeword.

? The length of the encoded �le:
P

a leaf x (n(x) � `(x)) .
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A Structural Claim

Lemma: Let T be a tree that represents anoptimal code.
Then eachinternal node in the tree hastwo children.

Proof:

? Let z be an internal node with only one childy.

? There are2 cases:
� Case I:z is the root.

� Case II:z is not the root.
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Case I

? z is the root:

� Make y the new root.

z

y

B C

CB

y
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Case II

? z is not a root andp is its parent:

� Bypassz by makingy the child of p.

y

z

p

B

y

p

A

B C

A

C
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Proof

? In both cases:

� `(x) of all the leaves in the sub-tree rooted atz is
reducedby 1.

� These are theonly changes.

� As a result the cost of the tree isimproved.

� A contradiction to the optimality of the code.
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Example: Code I

000 001 010 011 100

14

f:5

142858

86

100

101

0 1 0 1

e:9

1

0 1

00 1

0

b:13a:45 d:16c:12

B (T) = 300
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Example: Improving Code I

0

01

10

0

2858

86

100

14

0

011

10 11

e:9 f:5

010

1

1

1

000 001

b:13a:45 d:16c:12

B (T) = 3 � 86 + 2 � 14 = 286
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Hu�man Algorithm

? Constructa coding treebottom-up.

? Maintain a forest with n leaves in all of its trees.
� Each tree isoptimal for its leaves.

? Initially, there aren singletontrees in the forest.
� Each tree is a leaf.

? The frequencyof a tree is the sum of the frequencies of all of its leaves.

? Greedystep:
� Find the two trees with theminimum frequencies.
� Combinethem together into one tree.
� The frequency of the new tree is thesum of the frequencies of the

two combined trees.

? Terminatewhen there isonly onetree in the forest.
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Example

f:5 b:13 d:16 a:45e:9 c:12

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f:5 e:9

14 a:45d:16b:13c:12
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Example

f:5 e:9

14 a:45d:16b:13c:12

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

e:9f:5

2514

b:13

a:45d:16

c:12
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Example

e:9f:5

2514

b:13

a:45d:16

c:12

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

c:12

25 a:45

b:13

30

d:1614

e:9f:5
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Example

c:12

25 a:45

b:13

30

d:1614

e:9f:5

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a:45

c:12 b:13

e:9

3025

55

14 d:16

f:5
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Example

a:45

c:12 b:13

e:9

3025

55

14 d:16

f:5

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a:45

c:12 b:13

e:9

100

3025

55

14 d:16

f:5
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Correctness

? Hu�man algorithm generatesa binary tree withn leaves.

? A binary treerepresentsa pre�x free code.
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Implementation { Data Structure

? A forest of binary trees.

� Initially, the forest containsn singleton trees.

� At the end, the forest contains one tree.

? The frequencies of the trees in the forest are maintained in
a priority queueQ.

� Initially, the queue contains then original frequencies.

� At the end, the queue contains one frequency which is
the sum of all original frequencies.
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Implementation { Procedure

Hu�man(ha1; f 1i ; : : : ; han ; f n i )
Build-Queue(f f 1; : : : ; f n g; Q)
for i = 1 to n � 1 (* the combination loop *)

z = Allocate-Node() (* creating a new root *)
x = lef t (z) = Extract-Min(Q)

(* lightest tree is the left sub-tree *)
y = right (z) = Extract-Min(Q)

(* second lightest tree is the right sub-tree *)
f (z) = f (x) + f (y) (* frequency of new root *)
Insert(Q; f (z)) (* inserting the new root to the queue *)

return Extract-Min(Q) (* last tree is the Hu�man code *)
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Complexity

? Implement the priority queue with aBinary Heap.

? The complexity ofBuild-Queueis O(n).

? The complexity ofExtract-Min and Insert is O(log n).

? The loop is executedO(n) times.

? The complexity of all the Extract-Min and the Insert
operations isO(n logn).

? The total complexity is:O(n logn).
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Optimality - First Lemma

? Let A be an alphabet.

? Let x and y be the two symbols inA with the smallest
frequencies.

? Then, there exists anoptimal tree in which:

� x and y areadjacentleaves (di�er only in their last bit).

� x and y are thefarthest leaves from the root.
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Proof

wz

x

y

x y

z

w

? Let z and w be adjacentleaves in an optimal tree that are
the farthest from the root.

? Exchangingz and w with x and y yields a tree with a
smaller or equalcost.
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Optimality - Second Lemma

? Let T be anoptimal tree for the alphabetA .

? Let x; y be adjacent leavesin T and let z be their parent.

? Let A 0 be A with a new symbolz replacingx and y with
frequency:f (z) = f (x) + f (y).

? Let T0 be the treeT without the leavesx and y and with
z as anew leaf.

? Then T0 is anoptimal tree for the alphabetA 0.
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Proof

z:f(x)+f(y)z

y:f(y)x:f(x)

? Let T00be an optimal tree withsmallercost thanT0.

? Replacingz in T00 with the two leavesx and y createsa
tree with a smallercost thanT.

? A contradiction to the optimality of T.
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Optimality

Theorem: Hu�man code isoptimal.

Proof:

? By induction.

? The �rst lemma implies that the �rst greedystep is a
�rst step towards an optimal solution.

? The second lemma justi�es theinductivesteps, applying
again and again the �rst lemma.
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