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The General Search Problem

Input:
x An ordered array A of n keys: A[l] < A]2] <--- < Aln).
* A key K.

Output:
* Does K appear in A? YES or NO.

x If YES: an index i such that A[i] = K.

Method:
* Comparisons between K and the keys in the array.

« K < Ali]? K < Ali]? K = A[i]?
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A Search Game

Player 1: Selects a number x in the range [1..n].

Player 2: Searches for x with comparisons x < 7 for some
1 <171 <n.

Goal: Minimize number of comparisons until finding x.

* In the worst case.

*x As a function of n.
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Equivalency

*x x <1 is “equivalent” to K < Ali]

* Algorithms can be converted from one model to another
while preserving the complexity.

* |t is easier to design algorithms in the search game model.

* |t is easier to prove lower bounds in the search game model.
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Sequential Search

Sequential-Search (n,x)
i =0
repeat
i =1+ 1
until z <4 (* comparison *)
return ¢
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Sequential Search — Correctness

Induction hypothesis:

* 1 < x <n after 2 — 1 comparisons with a NO answer.

Termination:
* If £ <7 then necessarily x = 1.

* Eventually z < n.
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Sequential Search — Complexity

* n comparisons in the worst case when r = n.

— Possible n — 1 comparisons since there is no need for the
last question when © = n.

* Could be only 1 comparison when = = 1.

* (n+ 1)/2 comparisons on average for a random z selected
with a uniform distribution from the range [1..n|:

1 1 nn+1) n+1
(1224 ... _ . _ .
n( e +n) n 2 2
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Binary Search

Binary-Search (n,x)

/=1
Uu=n
while £ < u

m = [(u+£)/2]
fx<m  (* comparison *)
then u =m
else l =m+1
return ¢
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Binary Search — Correctness

* T he search terminates since in each iteration the size of the
search range, (u — £), is decreased.

—u>l=0<m<m+1<u.
— Therefore, m — ¢ <u—Lfandu—(m+1) <u—~.

* By induction, always ¢ < x < u.

* At the end, ¢/ = u and therefore = /.
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Binary Search — Complexity — n = 2*

x Induction claim: uw — ¢ = 2F=" — 1 after h comparisons.
xh=0 = up,—lp=n—1=2F-1=2kN"h_1
*h=k = uk—ﬁkzzk_k—le.

% Termination when u =¢ = h =k = log,n comparisons.
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Binary Search — Complexity — n = 2*

* Induction step: my, = [(up + €p) /2] = ln + | (un, — Cr)/2].
1. upr1 =mp and €11 = £ imply:
Upy1 —Lpy1r = mp— 4Ly
= [(un—0n)/2]
= [@" " —1)/2] =200 1

2. bpyr1 =mp+ 1 and upyr1 = up imply:
Uh+1 —hy1 = up—mp —1

= (un —Lln) — [(un — £p)/2] — 1
_ (2k—h o 2) o (2k—(h—|—1) o 1) _ 2k—(h—|—1) 1.
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Binary Search — Complexity — 2~ < n < 2%

Monotonicity lemma: For ny < ny and 1 < 2 < nq, the
number of comparisons performed by Binary-Search(ny, x)

iIs less or equal to the number of comparisons performed by
Binary-Search(ng, x).

Assumption: 2F71 < n < 2% = k = [logyn].

Corollary [log,n]| is an upper bound on the number of
comparisons in the worst case.

Remark: Could be [log,n| comparisons in some cases but
never less than |log, n| comparisons.
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Adversary Player |

* Does not select x at the beginning of the game. Instead,
maintains a set of candidates S for x.

*x Given a search question:
— S(Y) — the set of candidates if the answer is YES.

— S(N) — the set of candidates if the answer is NO.
x Observation: § =S(Y) US(N).

* The adversary answer rule:
— YES if |[S(Y)| > |S(NV)].
— NO if |[S(Y)| < |S(N)].
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Output:

xr = 21.

Analysis of Algorithms

Input n =34 (% 2 € [1..34] *).

Search:
*Ql: x <13 = Al: NO (*uz¢e
* Q2 x <26 = A2: YES. ("1 €
* Q3: <18 = A3: NO. (*uz ¢
* Q4: x <23 = Ad: YES. (*ux ¢
* Q5 x <20 = Ab: NO. (*ux ¢
* Q6: x <22 = A6: YES. (* 1 ¢
* Q7. x <21 = A7: YES. (* 2 ¢

14..
14..
19..
19..
21..
21..
21..

O DO W
x*x *
N—"

Do DO
DN
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Impossible to Search Faster than Binary Search

Theorem: There exists 1 < x < n for which the adversary
forces the second player to ask at least [log,n|
comparisons.

Proof:
* Assume the second player asks k& comparisons.

* Let S; be the set of candidates after © comparisons.

* In particular, |So| = n and |Sg| = 1.

Sit1|/|Si| = (1/2) for1 < i < k—1.
* [log, m| rounds are required to decrease n to 1 by halving.
x Therefore, k > [logyn|.

* By the observation,
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* This Is a worst case bound implying that no algorithm can
guarantee less comparisons for all values of .

* The theorem holds for a stronger Player 2. One that can
ask any YES/NO questions. For example,

— |Is 2 even?
—x€{1,2,3,5,8,13,21,34,55}7
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Find the Minimum Or the Maximum

Input: An array A of n keys: A[l], A]2],..., A[n].

Output:
Minimum: Key A[1] such that A[1] < A[i] for 1 <17 < n.
Maximum: Key A[n| such that A[n| > Ali] for 1 <i < n.

Method: Ask comparisons between any 2 keys: Ali] > A[j]?

Goal: Minimize number of key comparisons.
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Find the Minimum

Trivial-Find-Min(A[1], ..., A[n])
fori=2ton
f A[1] > Ali]  (* comparison *)
then A[l] <« Ali]
return A[1]

Correctness:

*x A[l] = min{A[l],..., Ali]} after round number i.

*x A[l] = min{A[l],..., A[n]} after n — 1 rounds.
Complexity: Exactly n — 1 comparisons.

Analysis of Algorithms
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Adversary Strategy

Key idea: Any entry could be the minimum.

Data structure:
*x B - Candidates for minimum.

* R - Cannot be minimum.

x Initially: B = {A[1],..., A[n]} and R = 0.

*x At the end: |[B|=1and |R|=n — 1.
Answer rule:

* (Ry : Ro) = A consistent answer.

x* (B:R) = B<R.

*x (B1: Ba) = By < Bo; transfer By from B to R.

Analysis of Algorithms
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There Is No Better Algorithm

Theorem: The adversary forces any algorithm that finds the
minimum (or the maximum) to perform at least n — 1
comparisons.

Proof:
* A useful comparison decreases the size of 5.
x Only (B1 : Bs) is a useful comparison.
* Each useful comparison decreases the size of 5 by 1.

* n — 1 useful comparisons are required to decrease the size
of B from n to 1.
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Parallel Find the Minimum or the Maximum

Round:

* May contain several comparisons.

* Each key may participate in at most one comparison.

Goals:

* Minimize number of rounds.

* Minimize number of comparisons.

Analysis of Algorithms
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Parallel Find the Minimum for n = 2%

Parallel-Find-Min(A[1], ..., A[n])
if n =1 then return A[1]
fort=11ton/2
i Alil > Ali + (n/2)]  (* comparison *)
then Afi] < Ali + (n/2)]
return Parallel-Find-Min(A[1],..., A[n/2])

Analysis of Algorithms
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Complexity

Number of comparisons:
*x5g+3+--+1=n—-1

x The same as in Trivial-Find-Min (optimal).

Number of rounds:

* log, n; number of recursive calls required to decrease the
size of the array A from n to 1 by halving.

* In Trivial-Find-Min there are n — 1 rounds.
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Lower Bound on Number of Rounds

Theorem: The adversary forces any algorithm that finds the
minimum (or the maximum) to perform at least [log,n]
rounds.

Proof:

*x At most | |B/2|| useful comparisons per round since any
key may participate in only one comparison.

* |[log,n| rounds are required to decrease the size of B
from n to 1 by halving.
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Find the Minimum & the Maximum for n = 2 — Solution |

Parallel-Find-Min-and-Max(A[1], ..., A[n])
Parallel-Find-Min(A[1], ..., A[n])
Parallel-Find-Max(A[2], ..., A[n])

Complexity:
* (n—1)+ (n —2) = 2n — 3 comparisons.

* 2log,m rounds.

Analysis of Algorithms 24



Find the Minimum & the Maximum for n = 2 — Solution ||

Parallel-Find-Min-and-Max(A[1], ..., A[n])
fori=1ton/2
it Ali] > Ali 4+ (n/2)]  (* comparison *)
then Ali] < Ali + (n/2)]
Parallel-Find-Min(A[1], ..., A[n/2])
Parallel-Find-Max(A[n/2 + 1],..., A[n])

Complexity:
* Z4+2(Z—1) =2 — 2 comparisons.

* 1 4+ log,(n/2) = log, n rounds.
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Adversary Strategy — Data Structure

x N - Candidates for either maximum or minimum.

* H - Candidates only for maximum.

* B - Candidates only for minimum.

* R - Can be neither maximum nor minimum.

* Initially: M= {A[1],...,A[n]} and H=B =R = 0.
x At theend: |H| =1, |[B] =1, IN] =0,

R|=n-—2.
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Adversary Strategy — Answer Rule

v

1 : R2) = A consistent answer.

H) = R<H.

R) = B<R.

R) = N<Rand N — B.

N) = B<Nand N —H.

H) = N<Hand N — B.

1: Ny) = Nj < Nyand Ny — B and Ny, — H.
:H) = B<H.

1: Bs) = By < Bsand B, — R.

1: Hy) = Hy < Hyand H — R.

=22
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There Is No Better Algorithm

Theorem: The adversary forces any algorithm that finds the

minimum and the maximum to perform at least [%ﬂ — 2

comparisons.

Proof:
* Non-max and non-min keys: N — {B,H} — R.

* (N1 : N3), (By: Bs), and (H; : Hy) are useful.

*x (N7 : Ns) is better then (N : R), (B: N), (N : H).
* The rest of the comparisons are not useful.

* Emptying A requires at least || comparisons.

* The fastest way to leave one key in both 5 and ‘H requires
at least n — 2 comparisons.
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Parallel Find Minimum Or Maximum for Any n — Solution |

Parallel-Find-Min(A[1], ..., A[n])

x Compare only |n/2]| pairs.

x Continue recursively with [n/2| candidates:
— Even n: the n/2 smaller keys.

— Odd n: the |n/2] smaller keys and the un-compared key.

Number of rounds: R(n) = [log,n]|.

* [log, m| rounds are required to decrease n to 1 by halving.

Number of comparisons: C'(n) =n — 1.

* There are only useful comparisons.
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Parallel Find Minimum Or Maximum for Any n — Solution Il

Assumption: 2°~1 < n < 2%

Parallel-Find-Min(A[1], ..., A[n])
x Compare only n — 28=1 pairs.
x Continue recursively with the 2°~! candidates:
— Smaller keys: n — 2F~1,
— Un-compared keys: n —2(n — 2¥71) =28 —n,

Number of rounds: R(n) =1+ log,(28~1) = k = [log, n|.

Number of comparisons: C(n) =n — 1.

* There are only useful comparisons.
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Parallel Find the Minimum & the Maximum for Any n

Parallel-Find-Min-and-Max(A[1], ..., A[n])
x Compare only |n/2]| pairs.
x Find the maximum among the [n/2| candidates:
— Even n: the n/2 larger keys.
— Odd n: the |n/2] larger keys and the un-compared key.

x Find the minimum among the [n/2]| candidates:
— Even n: the n/2 smaller keys.
— Odd n: the |n/2] smaller keys and the un-compared key.

Remark: For odd n, after the first round, one key is a
candidate to be the maximum and the minimum.
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Implementation

* The comparisons:
— A[l] with A[n]
— A[2] with A[n — 1]

— AJ] with Aln+1—1]

— Al|n/2]|] with Al[n+1— |n/2]].
x Exchange the keys if A[i] > Aln+ 1 —1].
* Even n: All the keys are compared.

x Odd n: Al[n/2]|] is un-compared since

n/2| < [n/2] <n+1—|n/2|

Analysis of Algorithms
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Implementation

* [ he candidates for minimum are:
— Even n: A[l],...,A[n/2].
— Odd n: A[1],...,A[[n/2]].

* [ he candidates for maximum are:
— Even n: An/2+1],..., A[n].
— Odd n: A[[n/2]],..., A[n].

Analysis of Algorithms
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Complexity

Number of rounds: Even n:
* RR(n) = [logyn| — optimal.
*x T he same as Parallel-Find-Min.

Number of rounds: Odd n:
x* RR(n) =1+ [log,n| — almost optimal.
* An additional round for the first round un-compared key.

Number of comparisons:
* CC(n)=2C([n/2])+ [n/2] =2-[n/2] =2+ |n/2]
= [3n/2] — 2 — Optimal
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Find the First and the Second

Input: An array A of n keys: A[l], A]2],..., A[n].

Output: Keys A[n| and A[n — 1]:
*x Aln] > Aln — 1].
* An—1] > Ali] for 1 <i<n—2.

Goal: Minimize number of comparisons between keys.

Analysis of Algorithms
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Find the First and the Second — Trivial Solution

Trivial-Find-First-and-Second(A[1], ..., A[n])
Trivial-Find-Max(A[1], ..., A[n])
Trivial-Find-Max(A[1], ..., Aln — 1])
return (A[n] > Aln — 1])

Correctness: By definition.

Complexity: Exactly (n—1)+ (n—2) = 2n— 3 comparisons.
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Find the First and the Second — A Better Solution

Observation: Only “losers” to First can be Second.
* Trivial solution: n — 1 possible losers to First.

* Parallel solution: [logn| possible losers to First.

Parallel Algorithm:
* First: Maximum of the original array.

*x Second: Maximum of the [log, n| losers to First.

Analysis of Algorithms
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Better Solution — Complexity and Optimality

Complexity:
x (n — 1) comparisons to find first.
* ([logom| — 1) comparisons to find second.

* n + [log,n| — 2 comparisons to find first and second.

Optimality: There exists an adversary strategy that forces
any algorithm that finds first and second to perform at
least n + [log, n| — 2 comparisons.
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The k-Selection Problem

Input:
*= An array A of n keys, A[1], A[2],..., A[n].
* An integer k, 1 < k <n.

Output: The key Ali| that is the k smallest key in A.

Goal: Minimize number of comparisons between keys.

Median: k£ = [n/2]| for an odd n.
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Example: Distinct Keys

21,34,8,5,55,13, 1,3, 89, 2, 123]

x 5 is the 4*" smallest and the 8" |argest.
x 13 is the median: the 6™ smallest and the 6" largest.

x 34 is the 8™ smallest and the 4" largest.

Analysis of Algorithms
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Example: Arbitrary Keys

5,3,5,5,2,5,1,3,5,2, 3]

x 3 is the 4*" smallest and the 8" |argest.

6th

* 3 1s the median: the smallest and the 6 largest.

x 5 is the 8" smallest and the 4" |argest.

Analysis of Algorithms
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Notations and Observations

x S; the set of all the keys that are smaller than A[:]:
— Si={Alj] | Alj] < Aldl}.

*x (G; the set of all the keys that are greater than Ali]:
= Gi=14[j] | Alj] > Alil},

x Distinct keys: Ali| is the k smallest key if
— (|9;| =k —1) AND (|G;| =n — k).

* Arbitrary keys: Ali| is the k smallest key if
— (|95 < k—1) AND (|G;| < n—k).
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Distinct keys: n =11, k =4, [21,34,8,5,55,13,1, 3,89, 2,123].
* The k smallest key is 5.
x5, =1{1,3,2} = |S;)| =k —1=3.
* G; ={21,34,8,55,13,89,123} = |G;|=n—k=T1.

Arbitrary keys: n =11, k=5, A= [5,3,5,5,2,5,1,3,5,2,3].
* The k smallest key is 3.
x5, =1{2,1,2} = |5;|=3<k—-1.
* G; =1{5,5,5,5,5} = |G;| =5<n—k.

Analysis of Algorithms 43



Possible Solutions to the k-Selection Problem

Solution I:
* Algorithm: Sort the array and find the k smallest key.

x Complexity: ©(nlogn) comparisons.

Solution Il:
* Algorithm: Find the minimum key k£ times.

x Complexity: ©(kn) comparisons:
— =14+ n—-2) 44 (n—k)=kn - HELD

Which one is better?
x | is better than Il for k = w(logn).

* Il is better than | for k = o(logn).

Analysis of Algorithms
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Randomized Solution for Distinct Numbers

* Select a pivot p = Ali| for a random ¢ from the range [1..n].

* Partition the array into 2 sets:

— S the set of all keys that are smaller than p.
— (G the set of all keys that are greater than p.

(1) |S| > k: Recursively select the k smallest in S.
(2) (|S|=k—1) AND (|G| =n — k): Return p.

(3) |G| > n+ 1 — k: Recursively select the (k — |S] — 1)
smallest in G.
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% Input: A = [21,34,8,5,55,13,1,3,89,2,123] and k = 4.
% p =8 S=151,3,2} and G = {21,34,55,13,89, 123}.
x Second instance: A =[5,1,3,2] and k = 4.

*p=2 S={1} and G = {5, 3}.

x Third instance: A =15,3] and k = 2.

x p=>58={3} and G = 0.

* Output: The k& = 4 smallest key is 5.

Analysis of Algorithms
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Randomized Solution for Arbitrary Keys

* Select a pivot p = Ali| for a random ¢ from the range [1..n].

* Partition the array into 3 sets:
— S the set of all keys that are smaller than p.
— F the set of all keys that are equal to p.
— (G the set of all keys that are greater than p.

(1) |S| > k: Recursively select the k smallest in S.
(2) (|S| < k) AND (|G| < n+1—k): Return p.

(3) |G| > n+ 1 — k: Recursively select the (k — |S| — |F|)
smallest in G.
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* Input: A=15,3,5,5,2,5,1,3,5,2,3| and k = 3.

*p=23 5=42,1,2} and G = {5,5,5,5,5}.
x Second instance: A =(2,1,2] and k = 3.
xp=28={1} and G = 0.

* Output: The k = 3 smallest key is 2.

Analysis of Algorithms
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Randomized Solution — Correctness

* The k smallest key is the (n + 1 — k) largest key.

1 2 3 4
o——0—©

o0 @ O
N @
o ©

* The sizes of S and G determine in which part of the array
to look for the k smallest key.

(1): The k smallest key is in S.
(2): The k smallest key is not in S UG = it is the pivot.
(3): The k smallest key is in G.
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Randomized Solution — Expected Number of Comparisons

oooo‘oooooooo‘oooo
bad pivots ‘ good pivots ‘ bad pivots

A good pivot: (]S| < 2) AND (|G| < 22).

Probabilities facts:
* With probability 1/2 the random pivot is good.

* The expected number of random selections until a good
pivot is found is 2.
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Revised Randomized Solution

x Repeat selecting a pivot p = Ali] for a random i from the
range [1..n] until finding a good pivot.

* Partition the array into the 3 sets: S, F, G.
(1) |S| > k: Recursively select the k smallest in S.
(2) (|S| <k) AND (|G| <n+1—k): Return p.

(3) |G| > n+ 1 — k: Recursively select the (k — |S| — |E|)
smallest in G.
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Randomized Solution — Expected Number of Comparisons

x Expected number of comparisons: T'(n).
— ©(n) to perform one partition.

— ©O(n) until a good partition is found.

*x T(n) <T(3n/4)+6O(n) =06(n).

— The expectation of a sum is the sum of expectations.

Analysis of Algorithms
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©(n) — Direct Method

+ Assume a nice value for n.

* Assume T'(n) < T(3n/4) + an for constant o > 0.

Tn) < T(@3n/4)+ an
< T 9n/16) + (3/4)an + an
< T(27n/64) + (9/16)an + (3/4)an + an
< an+ (3/9)an+ (9/16)an+---+ (3/4) an + - - -

< omg; (3/4)" < an (1 — (13/4)> = 4an .

Analysis of Algorithms
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*b=14/3.
* log,(a) = 0.
*d=1.

*x d > logy(a).
— Case 3: T'(n) = O(n%)

Analysis of Algorithms
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Deterministic Solution to the k-Selection Problem

* Assume a nice value for n and ignore ceilings and floors.

* Finding a pivot:
— Partition the array into n/5 groups each with 5 keys.
— Find the medians of each one of the n/5 groups.
— Find the median of the n/5 medians recursively.

— The pivot is the median of the medians.

* The rest of the procedure is as the randomized solution.
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Deterministic Solution — lllustration

G={ greater than pivot}

S={ Smaller than pivot}
Pivot

Analysis of Algorithms
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Deterministic Solution — Worst Case Number of Comparisons

* Assume distinct keys and ignore floors and ceilings.

Observations:

xS contains the n/10 medians that are smaller than the
pivot and the 2n/10 keys that are smaller than these
n/10 medians.
= |S| > 3n/10 = |G| < 7n/10.

* G contains the n/10 medians that are greater than the
pivot and the 2n/10 keys that are greater than these
n/10 medians.

— |G| > 3n/10 = |S| < Tn/10.
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©(n) Worst Case Number of Comparisons

* Worst case complexity: T'(n).

— O(n) to find the n/5 medians.

— T'(n/5) to find the median of the medians.
— ©(n) to perform the partition.

— At most T'(7n/10) for the recursion.

* T'(n) <T(Tn/10) +T(n/5) + O(n) = O(n).

— Because ™ /10 + n/5 = (1 — &)n for a constant «.

Analysis of Algorithms
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Solving the Recursive Formula

x Formula: T'(n) < T (™ /10) +T(n/5) + an.
— For some constant « that is independent of n.

*x Guess: T'(n) < (n.
— For some constant (3 that is independent of n.

* Induction: T'(n) < 6(7n/10) + B(n/5) + an
= ((76/10) + (8/5) + a)n.

*x Set: f=10a = T'(n) < ((76/10) + (8/5) + (8/10)) n.

*x Conclude: T'(n) < fn < 10an.
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The Value of the Constants a and

x Finding all the n/5 medians:
— The median of 5 keys can be found with 6 comparisons.

— 6(n/5) = 1.2n comparisons to find all the medians.

* (2/5)n = 0.4n comparisons, only with the keys not in SUG,
to perform the partition.

= o < 1.0.
= 0 < 10a < 16.

= T'(n) < pBn < 16n.
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Why Not Groups of 37

xS contains the n/6 medians that are smaller than the pivot
and the n/6 keys that are smaller than these n/6 medians.

= |S| > n/3 = |G| < 2n/3.

* Similarly, |S| < 2n/3.

*x At most T'(2n/3) for the recursion.

x T'(n/3) to find the median of the medians.

x Therefore, T'(n) <T(2n/3) +T(n/3) + ©(n).

* The solution to this recursive formula is T'(n) = ©(nlogn).
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Groups of 2k + 1

* At most T ((‘%H)") for the recursion.

4k+2

* T (%"11) to find the median of the medians.

« T(n) < T (GEIR) +7 (525) + 0(n) = O(n).

x Therefore, T'(n) < Brn for a constant (B that depends on
k but independent on n.

* The best k£ is determined by the number of comparisons
required to find all the n/(2k 4 1) medians and the number
of comparisons needed to complete the partition.
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The k-Selection Problem Complexity

Lower bound: €(n) comparisons are required for selecting
the minimum.

Randomized upper bound: O(n).
Deterministic upper bound: O(n).

Complexity: ©(n) average and worst case.
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The k-Selection Problem Known Bounds

Best upper bound: T'(n) < 2.95n.
Simple lower bound: T'(n) > 3n/2 — 3/2.

Best lower bound:
— T'(n) > 1.8n for any n.
— T'(n) > 2n for large enough n.

Analysis of Algorithms
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