Exam 3, Mathematics 2501, Section TR2 24 copies
2:15-3:25 pm, May 7, 2026, IH-1105
Instructor: Attila Maté!

1. Consider a random sample of a normal distribution with standard deviation 2 and unknown expec-
tation pu (i.e., of the distribution N'(u,4)):

46.1,  50.4, 435,  44.0.

The hypothesis
Hy:p=48.0

is to be tested against the alternative hypothesis
Hy:p>48.0

(one-sided test).
a) Find the p-value of this test. While the problem can be solved as stated, in a more reasonable
statement, the hypothesis
Hy:p=44.0

should have been tested against the alternative hypothesis
Hy:p>44.0

(one-sided test).

Solution. Given independent identically distributed random variables X, Xo, ..., X,, with N (p,0?)
distribution, and given observed values x1, x2, ..., T, let

and

Assume o is known, but p is not. Given pg, the the p-value of the test Hy : u = pg against the alternative
hypothesis Hy : p > o is p = P(X,, > #,), calculated under the assumption that g = po. Under this
assumption, X,, has distribution NV (pg,02/n). So the variable Y = (X,, — ug)/(c/+/n) standard normal
distribution. Thus, the p-value of the test is

p=PX,>z,) =P (2};50 ~ x;/?/%()) =F (Y g m>

Tn — Mo Tn — Mo
=1-PlY<—/—/———)=1—-9® .
< T oo/yn > < o/vn ) ’
the last equation holds since Y has standard normal distribution.

In the present case, n = 4, 0 = 2, 1 = 46.1, 9 = 50.4, z3 = 43.5, and x4 = 44.0. and so Z4 = 46.0.
Therefore, the measured value of the standardized variable is

_jfn—ﬂo_46—48__2
TN YV

LAll computer processing for this manuscript was done under Debian Linux. ApS-TEX was used for typesetting. The Perl
programming language was used in creating the AzS-TEX source file.
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We have
®(2) = .977,25,

and so, for the p-value we have

p=1—®(—2) = d(2) = 0.97725 = 97%.
Actually, as Z,, < pg, and can say without any calculations that the hypothesis Hy against H; cannot be
rejected at any level of significance.

b) Test Hy at the level 5% of significance.

Solution. Since the p-value we calculated in Part a) is larger than 5%, the test is result is not significant
at level 5% of significance.

¢) Test Hy at the level 1% of significance.
Solution. Since the p-value we calculated in Part a) is greater than 1%, the test is result is not significant

at level 1% of significance.

2. Consider a random sample of a normal distribution with unknown standard deviation and unknown
expectation p (i.e., of the distribution N (u,0?) with unknown o):

46.1,  50.4, 435,  44.0.

The hypothesis
H() U= 48.0

is to be tested against the alternative hypothesis
Hy:p>48.0

a) Test Hy at the level 5% of significance.

Solution to Part a). While the problem can be solved as stated, in a more reasonable statement, the
hypothesis
Hy:p=42.0

should have been tested against the alternative hypothesis
Hy:p>42.0

(one-sided test).
We use the test described in Subsection 29.2 on p. 76 in the notes. We have n =4, 1 = 46.1, o = 50.4,
x3 = 43.5, and x4 = 44.0, We then calculate z,, as

_x1+x2+x3+x4

— 46.
0 6.0,

and s as

— 7. —7a)? —7.)? "2 (2962
S\/(xl Z0)2 + (22 — T4)2 + (23 — T4)2 + (24 — T4) \/ 02 V913,353,338 ~ 3.142, 186,076,

As for the test variable ¢, we have

T4 — 09
t= = —1.272,999, 085.
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The critical region for this test is the interval
(ta(n —1),00).
With « being .05 (the significance level for one-sided test), we have g 05(3) = 2.353,363. .., this interval is
(2.353, 363, +00).

Since t is not in this interval, the null hypothesis is not rejected at the significance level .05 = 5%.
Actually, as t < 0, and can say without any calculations that the hypothesis Hy against H; cannot be
rejected at any level of significance.

b) Explain why it is not feasible to find the p-value of this test without a computer.

Solution to Part b). The p-value of this test is, with 7' denoting a variable with ¢-distribution of degree of
freedom 3, is
P(T > —1.272,999) = .853, 644;

however, one needs a computer to calculate this, so for a statistician using tables only, this calculation cannot
be done. Since this p-value is larger than .05, the null hypothesis is not rejected at the significance level of
.05.

3. In a random sample of 600 persons eating lunch at a department store cafeteria, 360 persons had
dessert. Construct a 90% confidence interval for the true proportion of persons usually eating dessert in this
cafeteria.

Solution. With n the number of persons questioned, and z the number of persons qualifying (i.e., eating
dessert in the present case), writing § = x/n, the level 1 — « confidence interval for the true proportion of

persons qualifying is
6 — /\Q/Q\l 9—|—/\a/2\l

where ), is defined as follows: given a standard normal variable Y (i.e., a random variable with distribution
N(0,1)), and given y with 0 < y < 1, the quantity ), is defined to be such that

P(Y > \,) =

In other words, with ® being the distribution function of the standard normal variable, we have

This confidence interval is discussed on p. 245 in the textbook (in the notation used there p* = 6 and
¢ =1-0).

In the present case, n = 600, x = 360, so 6 = .6. Further, a = .10, and A, /2 = A5 = 1.6449 given on
p- 325 of the textbook. Thus, the confidence interval in question is

(.567,.633).

4.a) Let P, @, and R be events, and let Ip, I, and I be their indicator variables. Describe the event
whose probability equals the expectation

E(1—(1-1p)(1-1Ig)(1 - Ir))

Solution. The event is
(P*NQ*NR*)"=PUQUR.
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b) Given events P, @, and R, use indicator variables to derive the formula for P(P U Q U R).

Solution. We have

P(PUQUR) =E(1— (1 - Ip)(1 - Io)(1 — Ig))
= E(1 —(1=1Ip—1Ig—In+Iplg + Iplg + IgIr — IpIglIR))
E(Ip + I+ Ig — Iplo — Ipln — Iolx + Iplgly)
E(Ip) + E(lq) + E(Ir) — E(Iplq) — E(IpIr) — E(IgIr) + E(IpIgIR)
P(P)+P(Q)+P(R)—P(PNQ)—P(PNR)—P(QNR)+P(PNQNR).

5. Let n > 0 be an integer,and X ~ Bin(n, z) be a binomial variable. Given ¢ > 0, show that

> (Z) R —z) k<#

k:0<k<n
|k—an|>nd

Solution. Given that X is a binomial variable Bin(n,x), we have m aef E(X) = nz and o2 &t V(X) =
nx(l — x). According to Chebyshev’s inequality (see class notes, equation (21.1) on p. 56) for any € > 0 we

have we have
o2

PX —m|>e) < 2.
€

With m and o as above, and with € = nd, this becomes

nx(l—z) x(l—x) 1

P(X —na| znd) < n262  né> no?’

the last inequality holds since 0 < z < 1.
Noting that

we have

> ()at- et = POX = nal 2 )

k:0<k<n
|k—an|>68

As we just showed, the right-hand side here is

establishing the inequality in the question.



