Exam 2, Mathematics 2501, Section TR3 30 copies
5:40-4:50 pm, October 28, 2021, IH-137
Instructor: Attila Maté!

1. Let X be the random variable with density function

423 if0<z <1,

0 otherwise.

et = {

a) Find the expectation of X.

Solution. We have

b) Find the variance of X.
Solution. We have Var(X) = E (X?) — (E(X))2 Here

o0 1 ) ‘
E(X2)=/ foX(x)dxz/ 4x5d:r:%~x6 :;x _2
0

— 00

Hence 2 16 50 48 2
X)=E(X?) - (EX)) =--2=2_22_ = _ 02666...
Var(X) =B (X%) — (B(X))" =3~ 55 = 75 ~ 75 = 75 = 02060

(a repeating decimal).

2. 1. Let X be an variable having distribution N(180,25) (normal distribution with expectation 180
and standard deviation 5). Find the probability that a) X > 177, b) X < 186, and ¢) 177 < X < 186.

Solution to Part a). The random variable

is a standard normal variable. Thus we have

=P(Y > —.6) =P(Y < .6) = O(.6) ~ .7257;

177 -1
P(X2177):P(Y277580)

here the third equation is justified by the symmetry about the origin of the standard normal distribution,
and the approximate equality is obtained by using the table of the standard normal distribution.
Solution to Part b). Similarly as in Part a), we have

86 — 180
5) = P(Y <1.2) = ®(1.2) ~ .8849.

1
P(X < 186) :P(Yg

Solution to Part ¢). We have

P(177 < X < 186) = P(X < 186 and 177 < X)
=P(X <186 and not X < 177) = P(X < 186) — P(X < 177);

LAll computer processing for this manuscript was done under Debian Linux. ApS-TEX was used for typesetting. The Perl
programming language was used in creating the AzS-TEX source file.
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it is important to note that the last equality holds because if X < 186 then also X < 177. That is, if
A is the event X < 186 and B is the event X < 177, then B C A, and so A = BU (A \ B). Thus
P(A) =P(B) 4+ P(A\ B); thus

P(A\ B)=P(A) — P(B).

Hence, taking the probability values obtained in Parts a) and b), we obtain that

P(177 < X < 186) = P(X < 186) — P(X < 177) = P(X < 186) — (1 — P(X > 177))
~ 8849 — (1 — .7257) ~ .8849 — 1 + .7257 = .6106.

3. A pair of fair coins are tossed 1200 times. Let X denote the number of times both coins come up
head.

a) Write a formula for the probability P(X = k) (0 < k < 1200).

Solution. The probability that both coins come up head in any single toss is 1/4. Therefore X has a
binomial distribution X ~ Bin(1200,1/4). That is,

- (D) ()

b) Write the sum for the exact probability that 290 < X < 310.

Solution. We have

pas s x st = > poc=n= S () ()T

k=290 k=290

¢) Use a well-known approximation to calculate the approximate probability that 290 < X < 310.

Solution. We use normal approximation with continuity correction. A Bin(n, p) distribution has expectation
np and standard deviation y/np(1 — p). Accordingly, writing D(X) for the standard deviation of X, we have

S
N
NIt

1
E(X)=1200- 7 =300 and D(X)=4/1200- -7 =15.

Thus, the distribution of X can be approximated by a that of a normal variable Y ~ N300, 15%), i.e., by a
normal variable Y having expectation 300 and standard deviation 15. Writing
7 Y — 300’
15

Y is a standard normal variable. Hence, using continuity correction,

P(290 < X < 310) ~ P(289.5 < Y < 310.5)

b <289.5—300 _ Y -300 _ 310.5—300> _p <.7< Y —300 _ 7)

15— 15 - 15 = =

=P(-7<Z<0)=P(Z<0)-PZ<-T)=P(Z<.7)—-P(Z>.7)
)

=P(Z<.7)-(1-P(Z<.7)=2P(Z2<.7)—1=2®(7) - 1;

here, the ® denotes the distribution function of the standard normal distribution. The first equality in the
last line follows since the distribution of Z is symmetric about 0. We can use the normal distribution table
to find that ®(.7) ~ .7580. Thus, we gave

P(290 < X < 310) ~ .5160.
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Calculating the sum Part b) directly, with a short program written in the programming language Maxima,
we get a more precise answer

P(290 < X < 310) =~ .5160583906382258,

showing that the result obtained by the normal approximation is almost correct to four decimal places; not
quite, since rounding the more precise result to four decimal places, we obtain

P(290 < X < 310) ~ .5161.

4. A rare disease occurs in 0.03% of the population.
a) What is the probability that out of 10000 randomly chosen individuals, exactly 4 have the disease?
Write the formula expressing the exact value of this probability, but do not evaluate.

Solution. If X denotes the number of persons having the disease out of 10000 randomly selected individuals,
then X follows the binomial distribution Bin(10000,.0003). According to this, the probability that exactly

1
P(X =4) = ( O200).00034.99979996.

On a computer, this can easily be evaluated, giving the result P(X = 4) ~ .1680565656971817.
b) Use a well-known approximation to approximately calculate the probability given in Part a).

Solution. For small k, the probability P(X = k) can be approximated by the corresponding value of the
Poisson distribution Po(10000 - .0003) = Po(3). According to this,

4
P(X =4) ~ %6*3 ~ 0.1680313557415408.

Comparing this with the value we calculated for the same probability using the binomial distribution shows
that the approximation obtained here is correct up to three decimals.

5.a) On a certain night soon after sunset in March, the probability that an observer sees a meteor
(falling star) in any given second is 6/3600 (note that an hour is 3600 seconds; one mentions seconds here,
since one second is a very short time under the circumstances — so 6 is the hourly rate when one measures
this rate in very short time intervals). What is the probability that this observer will see exactly k meteors
in a given hour (k > 0)?

Solution. If X indicates the number of meteors seen by the given observer, then X follows the Po(6)
distribution; that is,
6% g

b) What is the probability that the same observer will see 4 meteors in a given hour.
Solution. According to the formula given in Part a), we have

4

6
P(X =4) = jre* ~ .133852617530983.

Note. The question arises as to how justified one is to consider one second a “very short time” in the

problem. In other words, if one sees a meteor with probability approaching AAt in a time interval of length

At as At — 0, what value of A would give rise to a sighting of at least one meteor with probability 6/3600

in any given second. Here A is given for a time unit of one hour; the corresponding value of A for a time unit
3



of one second would be A/3600. That is, if Y is the random variable denoting the number of meteors seen
in a given time interval one second length, then Y follows the Poisson distribution Po(A/3600); i.e.,

k
p(y — k) = A/3600)7 3:'00) ™ M/3600,

Hence
P(Y >1)=1-P(Y =0) =1— ¢ /360,

Thus the equation P(Y > 1) = 6/3600 gives

6 — 1 _ o= )/3600

3600

From here we obtain

6
A=—-3600In (1 — —— ) ~ 6.005005562509411.
" ( 3600)

What is going on here is the following. Recall that the expectation of a Po(A) is A\. We have

A
—— ~ .001668057100697058.
3600
This is the expected number of meteors seen in any given second. On the other hand, the probability that
at least one meteor is seen in any given second is

6 1
— = — ~ .001666666666666666
3600 600

(a repeating decimal); the former number is somewhat larger, since one might see more than one meteor in
a given second.



