JUNIOR PRIZE EXAM
SPRING 2006

1) Given a positive integer n, show that 10n3 + 3n? — n is divisible by 6.

2) A function f defined on the interval [0, 1] satisfies f(0) = f(1) and is such that for any = and
y with and 0 <z <y <1 we have

1f(y) — f(2)] <y—=
Show that we have )
F@) = fw)] < 5
whenever 0 <z <y < 1.

3) Given 5 points in a square with side a, show that two of them are within a distance of at
most a/v/2 of each other.

4) Given numbers x1, X2, ... Tn, Tpy1 such that x,11 = 21, x; is +1 or —1 for each ¢ with

1<i<n+1, and
n
inxi+1 =0,
i=1

show that n is divisible by 4.
5) Show that

SR
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Yo =14+
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is not an integer for any integer n > 2.

6) Suppose f(x) and g(z) are nonzero real polynomials satisfying

f@® +z4+1) =g(z)f(2).

Show that f(x) has even degree.

7) In the complex numbers, the polynomial 22 + 32 can be factored as (x + iy)(x — iy). Show
that the polynomial 22 + y? + 2z? cannot be written as a product

(ax + by + cz)(Ax + By + Cz),

where a, b, ¢, and A, B, C are complex numbers.

SOON AFTER THE EXAM, SOLUTIONS WILL APPEAR ON THE WEB SITE
http://www.sci.brooklyn.cuny.edu/ mate/prize06/index.html



