
Senior Prize Exam
Spring 2008

1) Prove that the sum of the squares of any five consecutive integers is divisible by 5.

2) Let f be a function defined for all real x, and suppose that

|f(x)− f(y)| ≤ (x− y)2

for all real x and y. Prove that f is constant.

3) Prove that
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holds for any integer n ≥ 0.

4) The line
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contains ten pairs of parentheses and ten pairs of square brackets. One then proceeds to write one
of the signs < or > inside each of the pairs of brackets in an arbitrary manner. Show that then it
is always possible to write the integers 1, 2, . . . , 10 inside the pairs of parentheses such that any
two integers next to an inequality sign satisfy the inequality indicated.

5) Let P (x), Q(x), and R(x) be polynomials that satisfy the identity

P (x3) + xQ(x3) = (1 + x + x2)R(x).

Prove that P (1) = Q(1) = R(1) = 0.

6) Find the infinite sum
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(The factorial function n! is defined for nonnegative integers n by stipulating that 0! = 1, and for
n > 0, n! = (n− 1)! · n.)

7) Assume f is a differentiable function on the real line such that

f(x)f(y) = f(x + y)

for all real x and y. Assuming that f is not identically 0, show that f(x) = ecx for some constant c.

Soon after the exam, solutions will appear on the Web Site
http://www.sci.brooklyn.cuny.edu/~mate/prize08/index.html
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