SENIOR PRIZE ExAM
SPRING 2016

1) Let n be a positive integer. Show that
3010?1,-‘,—1 +521n

is divisible by 31.
2) Write «, 3, and + for the roots of the equation

22— 522 — 92 4+ 45 = 0.

Given that we know that 8 = —a, find the roots of the equations.

3) When is the sum of the cubes of three consecutive integers (i.e., integers that are adjacent,
or following one another) divisible by 187

4) Find positive integers x, y, and z such that < y < z and 22, y?, and 2?2 form an arithmetic
progression, and for which y is the least possible.

5) Given an arbitrary positive integer n, show that

\/1+\/2+\/3+...+\/ﬁ<2.

6) For every positive integer n let f(n) > 0, and assume that for all positive integers m and n
we have f(m +n) < f(m) + f(n). Prove that the limit

lim M
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)
in .
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3

7) Find a noncommutative group G such that for all z € G we have z°> = e, where e denotes the

identity element of G.

SOON AFTER THE EXAM, SOLUTIONS WILL APPEAR ON THE WEB SITE
http://www.sci.brooklyn.cuny.edu/ mate/prize/2016/

All computer processing for this manuscript was done under Debian Linux. The Perl programming language was
instrumental in collating the problems. AAMS-TEX was used for typesetting.



