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Abstract velop a dynamic programming algorithm for POSGs. The

difficulty in developing this generalization is that agents
We develop an exact dynamic programming algorithm can have different beliefs. As a result, it is not possible to
for partially observable stochastic games (POSGSs). The al- solve a POSG by transforming it into a completely observ-
gorithm is a synthesis of dynamic programming for par- able stochastic game over belief states, analogous to how
tially observable Markov decision processes (POMDPs) a POMDP is solved by transforming it into a completely
and iterated elimination of dominated strategies in normal observable MDP over belief states. A different approach is
form games. We prove that when applied to finite-horizon needed. Our approach is related to iterative elimination of
POSGs, the algorithm iteratively eliminates very weakly dominated strategies in normal form games, which also al-
dominated strategies without first forming a normal form lows agents to have different beliefs. In fact, our approach
representation of the game. For the special case in which can be viewed as a synthesis of dynamic programming for
agents share the same payoffs, the algorithm can be used®OMDPs and iterated elimination of dominated strategies
to find an optimal solution. We present preliminary empiri- in normal form games. We define a generalized notion of
cal results and discuss ways to further exploit POMDP the- belief that includes uncertainty about the underlyingestat
ory in solving POSGs. and uncertainty about other agent’s future plans. This al-
lows us to define anulti-agent dynamic programming op-
erator. We show that the resulting dynamic programming
. algorithm corresponds to a type of iterated elimination of
1. Introduction dominated strategies in the normal form representation of
) ) . finite-horizon POSGs. This is the first dynamic program-
The theory of stochastic games provides a foundation iy aigorithm for iterated strategy elimination. For the

for much recent work on multi-agent planning and learn- gpacial case where all agents share the same payoff func-
ing [17, 3, 13, 4, 11]. A stochastic game can be viewed aSyjqn our dynamic programming algorithm can be used to
an extension of a Markov decision process (MDP) in which ¢4 an optimal solution.

there are multiple agents with possibly conflicting goals,

and the joint actions of agents determine state transitions

and rewards. Much of the literature on stochastic gamesl1.1. Related work

assumes that agents have complete information about the

state of the game; in this respect, it generalizes work on A finite-horizon POSG can be viewed as a type of exten-

completely observable MDPs. In fact, exact dynamic pro- sive game with imperfect information [16]. Although much

gramming algorithms for stochastic games closely resem-work has been done on such games, very little of it is from

ble exact dynamic programming algorithms for completely a computational perspective. This is understandablel lig

observable MDPs [22, 7, 13]. Although there is consider- of the negative worst-case complexity results for POSGs

able literature on partially observable Markov decisioo-pr  [2]. A notable exception is reported in [14, 15], in which

cesses (POMDPs), corresponding results for partially ob-the authors take advantage of 8egjuence formepresenta-

servable stochastic games (POSGSs) are very sparse, and rtmn of two-player games to find mixed strategy Nash equi-

exact dynamic programming algorithm for solving POSGs libria efficiently. In contrast to their work, ours applies t

has been previously described. any number of players. Furthermore, our algorithms are fo-
In this paper, we show how to generalize the dynamic cused on eliminating dominated strategies, and do not make

programming approach to solving POMDPs in order to de- any assumptions about which of the remaining strategies



will be played. agents share the same reward function has been called a
For the special case of cooperative games, several alcentralized partially observable Markov decision process

gorithms have been proposed. However, previous algo-(DEC-POMDP)[2].

rithms do not guarantee optimality in general. If all agents

share their private information, a cooperative POSG can2.2. Dynamic programming for POMDPs

be converted to a single-agent POMDP. There are also al-

gorithms for solving cooperative POSGs with other forms A POSG with a single agent corresponds to a POMDP.

of very specialized structure [10, 1]. For general coopera-We briefly review an exact dynamic programming algo-

tive POSGs, algorithms such as those of Peshkin et al. [20]rithm for POMDPs that provides a foundation for our ex-

and Nair et al. [18] can be used, but they are only guaran-act dynamic programming algorithm for POSGs. We use

teed to converge to local optima. the same notation for POMDPs as for POSGs, but omit the
subscript that indexes an agent.
2. Background The first step in solving a POMDP by dynamic program-

ming (DP) is to convert it into a completely observable
As background, we review the POSG model and two MDP with a state seB = A(S) that consists of all pos-
algorithms that we generalize to create a dynamic pro-sible beliefs about the current state. bét denote the be-
gramming algorithm for POSGs: dynamic programming for lief state that results from belief stabgafter actiona and
POMDPs and elimination of dominated strategies in solv- observatioro. The DP operator can be written in the form,

ing normal form games.
Vitl(b) = max {Zb(s) [R(s,a) + Z P(os,a)Vt(ba’o):| } ,

2.1. Partially observable stochastic games ses 0€0 aj
A partially observable stochastic ganfBOSG) is a tu- ~ WhereP(ols,a) = 32,5 P(s',0ls,a), and the updated
ple(Z,S, {09}, {4;}, {0:}, P, {R;}), where value function is computed for all belief states B. Ex-

) o ) act DP algorithms for POMDPs rely on Smallwood and
e 7 is a finite set of agents (or controllers) indexed ggndik’s [23] proof that the DP operator preserves the

L...,n piecewise linearity and convexity of the value functionisTh
¢ Sis afinite set of states means that the value function can be represented exactly
o 1% € A(S) represents the initial state distribution by a finite set of|S|-dimensional value vectors, denoted
. .. . . X V:{vl,vz,...,vk},where
e A; is a finite set of actions available to agenand
A = x;ezA; is the set of joint actions (i.e., action V(b) = 113a<xk2b(s)vj(s). @)
profiles), wher&i = (as,...,a,) denotes a joint ac- == ses
tion As elucidated by Kaelbling et al. [12], each value vector
e (; is afinite set of observations for agerand O = corresponds to a complete conditional plan that specifies an
xez0; Is the set of joint observations, whete= action for every sequence of observations. Adopting the ter
(01,-..,0p,) denotes a joint observation minology of game theory, we often refer to a complete con-

« Pis aset of Markovian state transition and observation ditional plan as atrategy We use this interchangeably with
probabilities, wheré (s', 515, @) denotes the probabil- policy treg because a conditional plan for a finite-horizon

ity that taking joint actiori in states results in atran- P OMDP can be viewed as a tree.
sition to states’ and joint observatio The DP operator of Equation (1) computes an updated

value function, but can also be interpreted as computing an
updated set of policy trees. In fact, the simplest algorithm
A game unfolds over a finite or infinite sequence of for computing the DP update has two steps, which are de-
stages, where the number of stages is callechtr&onof scribed below.
the game. In this paper, we consider finite-horizon POSGs; In the first step, the DP operator is given a &gt of
some of the challenges involved in solving the infinite- depth# policy trees and a corresponding 3¢t of value
horizon case are discussed at the end of the paper. At eackiectors representing the horizervalue function. It com-
stage, all agents simultaneously select an action andveecei putes@i*! andV!*! in two steps. First, a set of depth- 1
a reward and observation. The objective, for each agent, ispolicy trees,Q**1, is created by generating every possible
to maximize the expected sum of rewards it receives dur-deptht + 1 policy tree that makes a transition, after an ac-
ing the game. tion and observation, to the root node of some depibi-
Whether agents compete or cooperate in seeking rewardcy tree inQ?t. This operation will hereafter be called ax-
depends on their reward functions. The case in which thehaustive backupNote thatQ*+!| = |A||Q*|!°!. For each

e R;:S x A— Risareward function for agent



policy treeg; € Q'"!, it is straightforward to compute a A dominated strategy; is identified by using linear pro-

corresponding value vectar; € Y+, gramming. The linear program identifies a probability dis-
The second step is to eliminate policy trees that needtributiono; over the other strategies such that

not be followed by a decision maker that is maximizing

expected value. This is accomplished by eliminating (i.e., Vi(oi,d_;) > Vi(di,d_;),¥d_; € D_;. (5)
pruning) any policy tree when this can be done without de-
creasing the value of any belief state. This test for dominance is very similar to the test for dom-

Formally, a policy treq; € Qi with corresponding  inance used to prune strategies in solving a POMDP.
value vectory; € V!*™! is considered dominated if for all |t giffers in using strict inequality, which is called
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b € B there exists ay, ¢ Vf“ \vj suchthab- vy, > b-v;. strict dominance Game theorists also useeak domi-
This test for dominance is performed using linear program- nanceto prune strategies. A strategly is weakly domi-

ming. Wheng; is removed from the se™", its corre-  nated ifV;(0i,d_;) > Vi(di,d_;) foralld_; € D_;, and

sponding value vectay; is also removed frony!**, Vi(oi,d_;) > Vi(ds,d_;) for somed_; € D_;. The test
The dual of this linear program can also be used as afor dominance which does not require any strict inequal-

test for dominance. In this case, a policy tggavith corre- ity is sometimes calledrery weak dominanceand cor-

sponding value vectar; is dominated when there is aprob-  responds exactly to the test for dominance in POMDPs,
ablllty distributionp over the other pOllcy trees, such that as given in Equation (3) Because a strategy that is very
weakly dominated but not weakly dominated musiplag-
Zp(k)”k(s) > vj(s), Vs € 5. ®3) off equivalento a strategy that very weakly dominates it,
ki eliminating very weakly dominated strategies may have

This alternative, and equivalent, test for dominance playsthe same effect as eliminating weakly dominated strate-
a role in iterated strategy elimination, as we will see in 9i€S in thereduced normal formepresentation of a game,

the next section, and was recently applied in the context of Where the reduced normal form representation is cre-
POMDPs [21]. ated by combining any set of payoff-equivalent strategies

into a single strategy.

There are a couple other interesting differences between
the tests for dominance in Equations (3) and (5). First,
Techniques for eliminating dominated strategies in there is a difference in beliefs. In normal-form games, be-

solving a POMDP are very closely related to tech- liefs are about the strategies of other agents, whereas in

pleG = {Z,{D;},{V;}}, whereZ is a finite set of agents, are multiple agents. When one agent eliminates its domi-
D; is a finite set of strategies available to agénand nated strategies, this can affect the best-response duncti

V; : D — R is the value (or payoff) function for agent of other agents (assuming common knowledge of rational-

Unlike a stochastic game, there are no states or state-transity)- After all agents take a turn in eliminating their dom-
tions in this model. inated strategies, they can consider eliminating addition

Every strategyd; € D; is a pure strategy Let §; € strategies that may only have been best responses to strate-
A(D;) denote amixed strategythat is, a probability dis- ~ 9ies of other agents _that have since been e_Iiminated. The
tribution over the pure strategies available to agemhere procedure of alternating between agents until no agent can

2.3. lterated elimination of dominated strategies

6:(d;) denotes the probability assigned to stratégy D;. eIimi_nate another strategy is callgdrated elimination of
Let d_; denote a profile of pure strategies for the other dominated strategies
agents (i.e., all the agents except aggnand leté_; de- In solving normal-form games, iterated elimination of

note a profile of mixed strategies for the other agents. Sincedominated strategies is a somewhat weak solution concept,
agents select strategies simultaneously,can also repre-  in that it does not (usually) identify a specific strategydar
sent agent’s belief about the other agents’ likely strategies. agent to play, but rather a set of possible strategies. To se-
If we defineV;(di, ;) = >, . 6-i(d—i)Vi(di,d—;), then lect a specific strategy requires additional reasoningijrand
troduces the concept of a Nash equilibrium, which is a pro-

Bi(6_;) = {d; € D;|V;(d;,6_;) > V;(d;, 6_;) Vd; € D;} file of strategies (possibly mixed), such thiate B;(5_;)

(4) for all agentsi. Since there are often multiple equilibria,
denotes thdest response functiaof agenti, which is the the problem ofequilibrium selectioris important. (It has a
set of strategies for agenthat maximize the value of some more straightforward solution for cooperative games than
belief about the strategies of the other agents. Any styateg for general-sum games.) But in this paper, we focus on the
that is not a best response to some belief can be deleted. issue of elimination of dominated strategies.



3. Dynamic programming for POSGs value of this strategy profile faany state probability dis-
tribution. This differs from a standard normal form game
In the rest of the paper, we develop a dynamic pro- in which each strategy profile is associated with a scalar
gramming algorithm for POSGs that is a synthesis of dy- value. By assuming an initial state probability distriloutj
namic programming for POMDPs and iterated elimination we could convert our representation to a standard normal
of dominated strategies in normal-form games. We begin form game in which each strategy profile has a scalar value.
by introducing the concept of a normal-form game with But our representation is more in keeping with the approach
hidden state, which provides a way of relating the POSG taken by the DP algorithm for POMDPs, and lends itself
and normal-form representations of a game. We describe anore easily to development of a DP algorithm for POSGs.
method for eliminating dominated strategies in such games,The initial state probability distribution given in the defi
and then show how to generalize this method in order to de-nition of a POMDP is not used by the DP algorithm for
velop a dynamic programming algorithm for finite-horizon POMDPs; it is only used to select a policy after the al-

POSGs. gorithm finishes. The same holds in the DP algorithm for
POSGs we develop. Like the POMDP algorithm, it com-

3.1. Normal-form games with hidden state putes a solution for all possible initial state probabititg-
tributions.

Consider a game that takes the form of a tu@le=
{Z,S8,{D;},{Vi}}, whereZ is a finite set of agentsS is . )
a finite set of stated); is a finite set of strategies available 3-2. Normal form of finite-horizon POSGs
to agent, andV; : Sx D — Ris the value (or payoff) func- ) _ o S
tion for agenti. This definition resembles the definition of ~_ Disregarding the initial state probability distributioa,
a POSG in that the payoff received by each agent is a funC_ﬂmte—ho_rlzon_ POSG can be converted. to a normal-form
tion of the state of the game, as well as the joint strategiesd@me with hidden state. When the horizon of a POSG is
of all agents. But it resembles a normal-form game in that N the two representations of_the game are identicak sinc
there is no state-transition model. In place of one-step ac-2 Strategy corresponds to a single action, and the payoff
tions and rewards, the payoff function specifies the value of functions for the normal-form game correspond to the re-
a strategy, which is a complete conditional plan. yvard functions of the POSG. When the honzpn of a POSG
In a normal form game with hidden state, we define an IS greater than one, the POSG representation of th_e game
agent's belief in a way that synthesizes the definition of be- ¢&n be converted to a normal form representation with hid-
lief for POMDPs (a distribution over possible states) and den state, by a recursive construction. Given the sets of
the definition of belief in iterated elimination of domindte ~ Strategies and the value (or payoff) functions for a horizon -
strategies (a distribution over the possible strategiahef ~ 9ame, the sets of strategies and value functpns for the hori
other agents). For each agéna belief is defined as a dis- 20Nt + 1 game are constructed by exhaustive backup, as

tribution overS x D_;, where the distribution is denotég ~ in the case of POMDPs. When a horizoROSG is repre-
The value of a belief of agents defined as sented in normal form with hidden state, the strategy sets
include all deptht policy trees, and the value function is
V;i(b;) = max Z bi(s,d_;)Vi(s,di,d_;). piecewise linear and convex; each strategy profile is associ
d;€D; ;
s€8,d_ieD_; ated with an|S|-vector that represents the expectestep

cumulative reward achieved for each potential start state

A strategyd; for agent; is very weakly dominated if elim-  (anq 0 any start state distribution) by following this join
inating it does not decrease the value of any belief. The strategy.

test for very weak dominance is a linear program that de-
termines whether there is a mixed strategye A(D; \ d;)
such that

If a finite-horizon POSG is represented this way, iter-
ated elimination of dominated strategies can be used in
solving the game, after the horizamormal form game is

Vi(s,00,d_;) > Vi(s, di,d_;),Vs € S,Yd_; € D_;. (6) constructed. The probl_er_n is that this representation can be
muchlarger than the original representation of a POSG. In
These generalizations of the key concepts of belief, valuefact, the size of the strategy set for each agestgreater
of belief, and dominance play a central role in our develop- than \Ai|‘of‘t, which is doubly exponential in the horizon
ment of a DP algorithm for POSGs in the rest of this pa- ¢t. Because of the large sizes of the strategy sets, it is usu-
per. ally not feasible to work directly with this representation

In our definition of a normal form game with hidden The dynamic programming algorithm we develop partially
state, we do not include an initial state probability distri alleviates this problem by performing iterated eliminatio
bution. As a result, each strategy profile is associated withof dominated strategies at each stage in the construction of
an|S|-dimensional vector that can be used to compute thethe normal form representation, rather than waiting uhél t



construction is finished. Proof: Consider a very weakly dominated policy trgee
Qt. According to the dual formulation of the test for domi-
nance, there exists a distributipover policy trees i’ \ g,
such thaty’, . p(k)vk(s,q—i) > vj(s,q-;) foralls € S
The key step of our algorithm israulti-agent dynamic  andq ; € Q*,. (Recall thaw; € V! is the value vector
programming operatothat generalizes the DP operator for corresponding to policy treg;.) Now consider any policy
POMDPs. As for POMDPs, the operator has two steps. Thetree ¢’ e Q§+1 with ¢; as a subtree. We can replace in-
firstis a backup step that creates new policy trees and vecstances of; in ¢’ with the distributiorp to get abehavioral
tors. The second is a pruning step. strategy which is a stochastic policy tree. From the test for
In the backup step, the DP operator is given a set of dominance, it follows that the value of this behavioraltstra
deptht policy treesQ; for each agent, and corresponding  egy is at least as high as thatgf for any distribution over
sets of value vector®; of dimension|S x Q" ,;|. Based  states and strategies of the other agents. Since any behav-
on the action transition, observation, and reward model of ioral strategy can be represented by a distribution oves pur
the POSG, it performs an exhaustive backup on each of tthtrategieS, it follows tha;’ is very Weak|y dominatedd
sets of trees, to forn);*" for each agent. It also recur- Thus, pruning very weakly dominated strategies from the
sively computes the value vectorsify*" for each agent.  setsQ! before using the dynamic programming operator is
Note that this step corresponds to recursively creating-ano equivalent to performing the dynamic programming opera-
mal form with hidden state representation of a horizenl  tor without first pruningQ®. The advantage of first pruning
POSG, given a normal form with hidden state representa-yery weakly dominated strategies from the s@iss that it
tion of the horizort POSG. improves the efficiency of dynamic programming by reduc-
The second step of the multi-agent DP operator consistsing the initial size of the set9‘*! generated by exhaustive
of pruning dominated policy trees. As in the single agent packup.
case, an agempolicy tree can be pruned if its removaldoes |t js possible to define a multi-agent DP operator that
not decrease the value of any belief for agedts with nor- - prynes strongly dominated strategies. However, sometimes
mal form games, removal of a policy tree reduces the di- 5 strategy that is not strongly dominated will have a strgngl
mensionality of the other agents’ belief space, and it can bedominated subtree. This is referred to asramedible threat
repeated until no more policy trees can be pruned from anyjn the Jiterature. Thus it is an open question whether we can
agent's set. (Note that different agent orderings may lead t gefine a multi-agent DP operator that prunes only strongly
different sets of policy trees and value vectors. The ques-gominated strategies. In this paper, we focus on pruning
tion of order dependence in eliminating dominated strate- yery weakly dominated strategies. As already noted, this is
gies has been extensively studied in game theory, and we dggentical to the form of pruning used for POMDPs.
not consider it here.) Pseudocode for the multi-agent DP 0p- There is an important difference between this algorithm
erator is given in Table 1. _ and the dynamic programming operator for single-agent
The validity of the pruning step follows from a version  poMDPs; in terms of implementation. In the single agent
of the optimality principle of dynamic programming, which - c55e only the value vectors need to be kept in memory. At
we prove for a single iteration of the multi-agent DP opera- gyecution time, an optimal action can be extracted from the
tor. By induction, it follows for any number of iterations. value function using one-step lookahead, at each time step.

Theorem 1 Consider a seQ? of deptht policy trees for ~ We do not currently have a way of doing this when there
agenti, and consider the sap!*' of deptht + 1 policy are multiple agents. In the multi-agent case, instead of se-
trees created by exhaustive backup, in the first step of thelécting an action at each time step, each agent must select
multi-agent DP operator. If any policy treg € Q! isvery & policy tree (i.e., a complete strategy) at the beginning of
weakly dominated, then any policy trgec Q**! that con- the game. Thus, the policy tree sets must also be remem-

tainsg; as a subtree is also very weakly dominated. bered. Of course, some memory savings is possible by real-
izing that the policy trees for an agent share subtrees.

3.3. Multi-agent dynamic programming operator

1 The value functiorV;! of agent: can be represented as a 3%t of
value vectors of dimensiof x @ ,|, with one for each strategy in
Q¢, or as a set of value vectors of dimensia#, with one for each

3.4. Solving finite-horizon POSGs

strategy profile ian X Qii. The two representations are equiva-

lent. The latter is more useful in terms of implementationgce it
means the size of vectors does not change during iteraiméhation
of dominated strategies; only the number of vectors charn(gksng

this representation, multiple§|-vectors must be deleted for each strat-

egy deleted.) The former representation is more useful jpfa@ing
the algorithm, since it entails a one-to-one corresponeldratween
strategies and value vectors, and so we adopt it in thisosecti

As we have described, any finite-horizon POSG can be
given a normal form representation. The process of com-
puting the normal form representation is recursive. Given
the definition of a POSG, we successively compute normal
form games with hidden state for horizons one, two, and
S0 on, up to horizoM". Instead of computing all possible



Input: Sets of depth-policy treesQ? and corresponding | Horizon | Brute force [ Dynamic programming
value vectord’! for each agent. 1 (2,2) (2, 2)
1. Perform exhaustive backups to g¢t™ for eachi 2 (8,8) (6,6)
' ' 3 (128, 128) (20, 20)
2. Recursively computi!** for each. 4 (32768, 32768) (300, 300)
3. Repeat until no more pruning is possible:
(a) Choose an agentand find a policy tree; € Table 2. Performance of both algorithms on
Q' for which the following condition is sat- the multi-access broadcast channel problem.
isfied: Vb € A(S x Q') Jup € VIT! \ v, Each cell displays the number of policy trees
S.t.b-vg > b-vj. produced for each agent. The brute force al-
(b) Q§+1 — Q§+1 \ gj. gorithm could not compute iteration 4. The
() VH - Y o, numbers (in italics) shown in that cell reflect
! ! how many policy trees it would need to cre-
Output: Sets of depth~+ 1 policy trees@’*" and corre ate for each agent.
sponding value vectong/ ** for each agent
Table 1. The multi-agent dynamic program- POMDPs optimally. When the DP algorithm reaches step
ming operator. T, we can simply extract the highest-valued strategy pro-

file for the start state distribution.

Corollary 1 Dynamic programming applied to a finite-

strategies for each horizon, we have defined a multi-agenthoriZon DEC-POMDP yields an optimal strategy pro-
dynamic programming operator that performs iterated elim- 5,

ination of very weakly dominated strategies at each stage.

This improves the efficiency of the algorithm because if a For general-sum POSGs, the DP algorithm converts the
policy tree is pruned by the multi-agent DP operator at one POSG to a normal form representation with reduced sets
stage, every policy tree containing it as a subtree is effec-of strategies in which there are no very weakly dominated
tively eliminated, in the sense that it will not be created at ~ Strategies. Although selecting an equilibrium presents a
later stage. We now show that performing iterated elimina- challenging problemin the general-sum case, standared tech
tion of very weakly dominated strategies at each stage in theniques for selecting an equilibrium in a normal form game

construction of the normal form game is equivalent to wait- can be used.

ing until the final stage to perform iterated elimination of

very weakly dominated strategies. 4. Example

Theorem 2 Dynamic programming applied to a finite- - . . .
i . L We ran initial tests on a cooperative game involving con-
horizon POSG corresponds to iterated elimination of very tro

. o | of a multi-access broadcast channel [19]. In this prob-
weakly dominated strategies in the normal form of the
POSG. lem, nodes need to broadcast messages to each other over a

channel, but only one node may broadcast at a time, other-
Proof: Let T' be the horizon of the POSG. If the initial state wise a collision occurs. The nodes share the common goal
distribution of the POSG is not fixed, then the POSG can be of maximizing the throughput of the channel.
thought of as a normal form game with hidden state. Theo- The process proceeds in discrete time steps. At the start
rem 1 implies that each time a policy tree is pruned by the of each time step, each node decides whether or not to send
DP algorithm, every strategy containing it as a subtree isa message. The nodes receive a reward of 1 when a mes-
very weakly dominated in this game. And if a strategy is sage is successfully broadcast and a reward of 0 otherwise.
very weakly dominated when the initial state distributieni At the end of the time step, each node receives a noisy ob-
not fixed, then it is certainly very weakly dominated for a servation of whether or not a message got through.
fixed initial state distribution. Thus, the DP algorithm can The message buffer for each agent has space for only
be viewed as iteratively eliminating very weakly dominated one message. If a node is unable to broadcast a message,
strategies in the POSG. the message remains in the buffer for the next time step. If

In the case of cooperative games, also known as DEC-a nodei is able to send its message, the probability that its

POMDPs, removing very weakly dominated strategies pre- buffer will fill up on the next step ig;. Our problem has two
serves at least one optimal strategy profile. Thus, the multi nodes, withp; = 0.9 andp, = 0.1. There are 4 states, 2 ac-
agent DP operator can be used to solve finite-horizon DEC-tions per agent, and 2 observations per agent.



5.1. Improving efficiency

s = send message

d= don_ t_send message
= ho cotision A major scalability bottleneck is the fact that the num-
ber of policy trees grows rapidly with the horizon and
can quickly consume a large amount of memory. There
are several possible ways to address this. One technique
that provides computational leverage in solving POMDPs
is to prune policy trees incrementally, so that an exhaestiv

backup never has to be done [5]. Whether this can be ex-

Agent 1 Agent 2 tended to the multi-agent case is an open problem. Other
Figure 1. A pair of policy trees that is optimal techniques seem easier to extend. More aggressive pruning,
for the horizon-4 problem when both mes- such as pruning strategies that ahmostvery weakly dom-
sage buffers start out full. inated, can reduce the number of policy trees in exchange

for bounded sub-optimality [6]. The number of policy trees
may be reduced by allowing stochastic policies, as in [21].
Work on compactly represented POMDPs and value func-
tions may be extended to the multi-agent case [9].

In addition, there exist POMDP algorithms that leverage
a known start state distribution for greater efficiency. S¢he
algorithms perform a forward search from the start state and
are able to avoid unreachable belief states. Whether some
kind of forward search can be done in the multi-agent case
is an important open problem.

We compared our DP algorithm with a brute-force al-
gorithm, which also builds sets of policy trees, but never
prunes any of them. On a machine with 2 gigabytes of mem-
ory, the brute-force algorithm was able to complete itera-
tion 3 before running out of memory, while the DP algo-
rithm was able to complete iteration 4. At the end of itera-
tion 4, the number of policy trees for the DP algorithm was
less than 1% of the number that would have been produced
by the brute-force algorithm, had it been able to complete 5.2. Extension to infinite-horizon POSGs
the iteration. This result, shown in Table 2, indicates that
the multi-agent DP operator can prune a significant number It should be possible to extend our dynamic program-
of trees. However, even with pruning, the number of pol- ming algorithm to infinite-horizon, discounted POSGs, and
icy trees grows quickly with the horizon. At the end of the We are currently exploring this. In the infinite-horizon eas
fourth iteration, each agent has 300 policy trees that are no the multi-agent DP operator is applied to infinite trees. A fi-
dominated. Because the piecewise linear and convex valudlite set of infinite trees can be represented by a finite-state
function consists of ongS|-vector for each pair of policy ~ controller, and policy iteration algorithms for singleesu
trees from the two agents, the representation of the valuePOMDPs have been developed based on this representa-
function requires002 |S|-vectors. In the fifth iteration, an  tion [8, 21]. We believe that they can be extended to develop
exhaustive backup would create a value function that con-a policy iteration algorithm for infinite-horizon POSGs.-Be
sists of2 - 300* |S|-vectors, or more than 16 hilliofS|- cause our definition of belief depends on explicit represen-
vectors, before beginning the process of pruning. This il- tation of a policy as a policy tree or finite-state controller
lustrates how the a|gorithm can run out of memory. In the it is not obvious that a value iteration algorithm for infamit
next section, we discuss possible ways to avoid the explo-horizon POSGs is possible.
sion in size of the value function.

Figure 1 shows a pair of depth-4 policy trees constructed 6.  Conclusion
by the DP algorithm. In the case where the message buffers

both start out full, this pair is optimal, yielding a totakre We have presented an algorithm for solving POSGs that
ward of 3.89. generalizes both dynamic programming for POMDPs and

iterated elimination of dominated strategies for normatfo
games. It is the first exact algorithm for general POSGs, and
we have shown that it can be used to find optimal solutions
for cooperative POSGs. Although currently limited to solv-
ing very small problems, its development helps to clarify th
relationship between POMDPs and game-theoretic models.

Development of an exact dynamic programming ap- There are many avenues for future research, in both mak-
proach to solving POSGs suggests several avenues for fuing the algorithm more time and space efficient and extend-
ture research, and we briefly describe some possibilities. ing it beyond finite-horizon POSGs.

5. Future work
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