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This paper investigates how the rules of System P might be used in order to onstru t
proofs for default onsequen es whi h take into a ount the bounds on the probabilities
of the onsequents of the defaults. Using a knowledge base of default rules whi h are
onsidered to be onstraints on a probability distribution, the result of applying the
rules of P gives us new onstraints that were impli it in the knowledge base and their
asso iated lower bounds. The paper de nes a proof system for su h onstraints, shows
that it is sound, and then dis usses at length the ompleteness of the system and the
kind of proofs that it an generate.
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1. Introdu tion
Default reasoning has been widely studied in arti ial intelligen e, and a number
of formalisms have been proposed as a means of apturing su h reasoning1, most
prominent among whi h are default logi 2 and ir ums ription3. Many of these systems, in luding default logi and ir ums ription, have proposed parti ular me hanisms for default reasoning, and might therefore be onsidered quite spe ialised.
However, there has also been work on more general approa hes whi h attempt to
analyse in broader terms what default reasoning involves. An early attempt to do
this was Shoham's4 proposal that all non-monotoni systems ould be hara terised
in terms of the preferen e order over their models. A more proof-theoreti strand
of this resear h has investigated the formalisation of the underlying requirements
for any non-monotoni onsequen e relation. Perhaps the most in uential pie e of
work within this area is that of Kraus et al.5 .
Kraus et al. investigated the properties of di erent sets of Gentzen-style proof
rules for non-monotoni onsequen e relations, and related these sets of rules to the
model-theoreti properties of the asso iated logi s. Their major result was that a
y Current

address: Department of Computer S ien e, University of Liverpool, Chadwi k Building,
Pea h Street, Liverpool L69 7ZF, United Kingdom, S.D.Parsons s .liv.a .uk.
1

On proofs in System P 2

parti ular set of proof rules had the same model-theoreti properties that Shoham
had identi ed for logi s in whi h there is a preferen e order over models. This
system of proof rules was termed System P by Kraus et al., the P standing for
\preferential". System P has been the subje t of mu h resear h, and is now widely
a epted as the weakest interesting non-monotoni system; it san tions the smallest
a eptable set of on lusions from a set of default statements.
The reason that we are interested in the rules of System P is that, in addition to
a semanti s in terms of a preferen e order over models, they also have a probabilisti
semanti s. In parti ular, Pearl6, following work by Adams7 , showed that a semanti s
based on in nitesimal probabilities satis es the rules of System P. While the use of
in nitesimal probabilities is theoreti ally interesting, it la ks something in pra ti al
terms. If we are to use System P to reason about the real world we will have
to write defaults whi h summarise our knowledge about it, and we may well be
unhappy making statements whose validity depends upon in nitesimal values. To
over ome this diÆ ulty, we suggest using real probabilities along with the rules of
System P, giving ea h default statement a lower bounded probability, and showing
that proofs in the System P an be used to propagate these bounds to nd out
something on rete about the probability of the derived results.
This paper is organised as follows. Se tion 2 sets the ba kground to the paper
by dis ussing the notion of entailment in System P. Then, Se tion 3 brings up the
problem of using real -values, and shows how they a e t the on lusions drawn by
System P. At this point, in Se tion 4, we introdu e our system SP , whi h aptures
one possible proof theory for System P, we show that it is sound and omplete, and
in Se tion 5 detail the kinds of on lusions whi h an be drawn by SP . Se tion 6
then gives some examples of the use of SP , Se tion 7 dis usses related work, and
Se tion 8 on ludes.

2. Entailment in System P
The rules of inferen e for the System P (see Figure 1) may be applied to a
knowledge base made up of onditional assertions of the form j . In this ontext
and are well-formed formulae of lassi al propositional logi , and j is a binary
relation between pairs of formulae. The onne tives ^, _, ! and $ have their
usual meanings. The inferen e rules are written in the usual Gentzen style, with
ante edents above the line and onsequents below it. Thus the rule And says that
if it is possible to derive j and it is possible to derive j , then it is possible
to derive j ^ . The inferen e rules an thus be viewed as a means of obtaining
new on lusions from urrent knowledge; from an initial set of onditional assertions,
further onditional assertions may be obtained by applying the rules.
Two things should be noted about the set of rules in Figure 1. Firstly, they only
tell us how to derive new onditional assertions. If we wish to know whether we
are justi ed in inferring a new fa t, say , given that we urrently know some other
fa t, say , and this is all we know, it is ne essary to determine whether j is
derivable from our knowledge base of onditional assertions. Se ondly, the proof
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j

Re exivity

j= $ ; j
j
j= ! ; j
j
j ; j
j ^
j ; j
^ j
j ; j
_ j

Left Logi al Equivalen e
Right Weakening
And
Cautious Monotoni ity
Or

Fig. 1. Rules of System P

rules in Figure 1 form a minimal set suÆ ient to hara terise System P. Other rules
may be derived from them in mu h the same way that new onditional assertions are
derived. Two su h rules are given in Figure 2|Cut whi h allows the elimination
of a onjun t from the ante edent side, and S whi h allows the derivation of a
material impli ation. Both of these (as we shall see later in the paper) may be
derived dire tly by the appli ation of the basi rules.
The semanti s for System P introdu ed by Adams makes the assumption that the
propositional variables are the basis of an unspe i ed joint probability distribution
whi h is onstrained by the onditional assertions. These onditionals are taken
to represent onditional probabilities of the onsequent given the ante edent being
greater than or equal to 1  for any  > 0, that is:

De nition 1 The onditional assertion
for all  > 0.

j

denotes the fa t that Pr(

j )1 

Given this interpretation, we an de ne the notion of the probabilisti onsisten y
of a set of these onditional assertions7:

De nition 2 A set of onditional assertions  is p- onsistent if there is at least
one probability distribution whi h satis es the onstraints imposed by the onditional
assertions in .
Probabilisti entailment of a further onditional is then de ned as probabilisti
in onsisten y of its ounterpart, that is:

De nition 3

j

is p-entailed by  i  [ f

j : g is not p- onsistent.
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^ j ; j
j
^ j
j !

Cut
S

Fig. 2. Two derived rules of System P

This implies that all probability distributions that satisfy  also satisfy j .
However this result may only be a hieved by using in nitesimal analysis so that the
derived onditional will be onstrained to be greater than 1 Æ for any Æ > 0 if
the  of the original onditionals is made small enough. This an be paraphrased
as saying that System P allows us to make our on lusions as lose to ertainty
as we like, provided the onditional probabilities asso iated with the onditional
assertions are suÆ iently lose to ertainty. In the literature this is used to justify
the on lusions drawn using System P; if we are sure of the onditional assertions,
and so are willing to give them high onditional probabilities, then the onditional
assertions derived from them will also have high probabilities.
However, using this interpretation of the rules means assuming that we are able
to give the onditional assertions arbitrarily high onditional probabilities. This is
ne in the ase that the assertions are pie es of default knowledge whi h are felt
to hold almost all of the time. However, with less reliable information, for whi h
 is not in nitesimal, it seems less justi able to a ept the in nitesimal analysis.
In parti ular, if a set of onditional assertions are used to derive new assertions
and these new assertions are themselves used as the basis for new dedu tions, then
it seems likely that some  values will be far from in nitesimal. Be ause of this
on ern, the next se tion investigates the impa t of non-in nitesimal  values by
onsidering what happens to values of  and Æ when the rules of P are applied.
The result is twofold. First it is possible to tra k the e e t of non-in nitesimal
values, and se ond it be omes possible to identify bounds on the a tual onditional
probability of derived assertions.

3. Using real -values
We asso iate with ea h onditional assertion an -value whi h represents, for
j , an upper bound on the onditional probability Pr(: j ). We demonstrate
how using these values for ea h original onditional, we an generate Æ values for the
output on lusions. This enables us to al ulate the lower bound on the probability
of a on lusion based on the proof steps used to derive it. We onsider rst the six
basi rules of System P, and then use the results obtained for those rules to obtain
results for S and Cut.
Re exivity: A re exive onditional assertion may be introdu ed at any stage in
a proof, and, sin e Pr( j ) = 1 for all formulae , any su h onditional will have
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an -value of zero.

Left Logi al Equivalen e: This rule means that we may take any onditional
assertion and repla e its ante edent with a logi ally equivalent expression. Clearly,
the derived onditional will have the same -value as the original one.
Right Weakening: Right Weakening involves repla ing the onsequent of a
onditional with any expression lassi ally derivable from it. Now, ! means
the models of are a subset of the models of and hen e:
Pr( ; )  Pr( ; )
Now, sin e:
Pr(

j

Pr(

j

it follows that:

Pr(

Pr( ; )
Pr( )
Pr( ; )
) =
Pr( )
) =

j )  Pr( j

)

(1)

and therefore the -value of a rule obtained by Right Weakening will not be larger
than the -value of the rule from whi h it was obtained. Sin e we are dealing with
lower bounds, we may use the same value for the derived rule.
We now turn to the three basi rules of P whi h generate new onditionals from two
known ones. Given we know the -values for the two known rules we obtain simple
expressions whi h are fun tions of these for the derived onditional.

Cautious Monotoni ity: The rule is as follows:

j ; j
^ j
hen e we are interested in the value of Pr( j ; ). Now:
Pr( j ) = Pr( j ; ) Pr( j ) + Pr( j ; : ) Pr(: j )
Substituting 1 Pr( j ) for Pr(: j ) and rearranging, we obtain:
Pr( j ) (1 Pr( j )) Pr( j ; : )
Pr( j ; ) =
Pr( j )
We are required to minimize this expression subje t to the onstraints:
1 1
1 2
0





Pr( j )
Pr( j )
Pr( j ; : )





1
1
1

(2)

(3)
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Equation (3) is linear in Pr( j ) and Pr(
imum when Pr( j ) is minimum and Pr(
Pr(

j ;


whi h will be minimum when Pr(
derived rule ^ j of:

) and will therefore attain its min) is maximum. This gives us:

(1 1 ) (1 Pr(
Pr( j )
1
1
Pr( j )



)

j ;:
j ;:

j

j

))

) is minimum. This gives us an -value for the

2

1 1

And: This time the rule is:

j ; j
j ^

So we are interested in Pr( ;

j

). Consider:

Pr( ;

j

) =

Pr( ; ; )
Pr( )
Pr( ; ; ) Pr( ; )
=
Pr( ; ) Pr( )
= Pr( j ; ) Pr( j )

(4)

We are required to minimize this expression subje t to the onstraints:
1 1
1 2




Pr(
Pr(

j
j

)
)




1
1

and in the previous ase we saw that these onstraints imply that:
2
1
 Pr( j ; )  1
1 1
Equation (4) will be minimum when both fa tors in the produ t on the right-hand
side are, so that
Pr( ;

j

)





1

2



1 1
= 1 (1 + 2 )

(1 1 )
(5)

whi h, as we would expe t, is symmetri al in 1 and 2 . This gives us an -value for
the derived rule j ^ of 1 + 2 .

Or: Here the rule is:

j ; j
_ j
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0
0
Pr( )(1 1 )
Pr( )(1 2 )
maxf0; Pr( ) + Pr( ) 1g
minfPr( ); Pr( )g
maxf0; Pr( ^ ) + Pr( ^ ) Pr( ^ )g
minfPr( ^ ); Pr( ^ ); Pr( ^ )g










Pr( )
Pr( )
Pr( ^ )
Pr( ^ )
Pr( ^ )
Pr( ^ )
Pr( ^ ^ )
Pr( ^ ^ )






1
1
Pr( )
Pr( )

Fig. 3. The onstraints for Or.

and we are interested in the value of Pr(
2 and onsider the following:
Pr(:

j _

j _

). Let Pr(:

j

) = 1 and Pr(:

) + Pr( ^ : ) Pr( ^ ^ : )
Pr( ) + Pr( ) Pr( ^ )
Pr( ) Pr(: j ) + Pr( ) Pr(: j ) Pr( ^
=
Pr( ) + Pr( ) Pr( ^ )
 Pr( ) + 2 Pr( ) Pr( ^ ^ : )
= 1
Pr( ) + Pr( ) Pr( ^ )

) =

Pr(

j

)=

^:

^:

)
(6)

To nd the maximum value of this expression, we note that Pr( ); Pr( )  Pr( _ )
and we ignore the last term of the numerator sin e it is negative and ould be zero.
Maximizing this subje t to the onstraints in Figure 3 gives us
Pr(:

j _ )  1 + 2

as an upper bound. This gives us an -value for the derived assertion of 1 + 2 .
For ompleteness sake, we examine the derived rules Cut and S sin e they are the
most useful rules when proving things. To make the presentation learer, we write
a onditional with -value of 1 as j1.

S: For S we need to derive jnew ! and the value of new from ^ j1
just using the basi rules. This an be done as follows. First apply Right Weakening
to ^ j1 to get:
^ j1 ; j= ! ( ! )
(7)

^ j1 !

We then apply Re exivity followed by Right Weakening (twi e) to

^ : j0 ^ : ; j= : ! ( !
^ : j0 !

)

^:

to get:
(8)

Then we ombine (7) and (8) using Or and apply Left Logi al Equivalen e to get:

^ j1 ! ; ^ : j0 !
j1 !
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j0

Re exivity

j= $ ; j1
j1
j= ! ; j1
j1
j1 ; j2
j1 +2 ^
j1 ; j2
^ j 1 2 1


Left Logi al Equivalen e
Right Weakening
And
Cautious Monotoni ity



j1 ; j2
_ j1+2
^ j1 ; j2
j1 +2
^ j1
j1 !

Or
Cut
S

Fig. 4. The extended rules of System P.

The onsequent of this last derivation is the onsequent of S, and omparing this
with the ante edent, we an see that applying S has no e e t on the -value; the
value for the derived onditional assertion is the same as for the original assertion.

Cut: For Cut, we need to dis over how jnew may be derived from ^ j1
and j2 . This turns out to be easy given the result for S. S tells us that the
-value of j ! is the same as that of ^ j , so we have j1 ! and
applying And to j1 ! and j2 , followed by Right Weakening gives:

j1 ! ; j2
j1 +2

Cut is thus proved, and the -value for its onsequent established. We will refer
to this set of rules, the basi rules of System P plus Cut and S, augmented with
details of how the -values of the onditional assertions are propagated, as the
extended rules of System P. The extended rules are summarised in Figure 4. From
the previous dis ussion we an state the following theorem:

Theorem 1 The extended rules of System P are sound with respe t to probability
theory.
In obtaining these results, we have shown that using ea h of the rules of P, and hen e
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any derived rules, we an obtain lower bounds on the onditional probability of the
on lusion given those of the ante edents. Figure 4 shows the basi rules plus S
and Cut annotated with lower probability bounds on ante edents and onsequents.
It is lear that these lower bounds never improve. Using rules And and Or, or
rules derived from these, means adding the -values so that after only a few proof
steps our on lusions may attain high -values. A high -value means that the lower
bound on the asso iated onditional probability is low and if this be omes too low
then we don't have mu h information about the probability sin e the upper bound
is always 1. Clearly, therefore, our input values must either be extremely small,
or our proofs short, in order to obtain useful results. However, as our example in
Se tion 7 shows, these onditions an be met without too mu h imagination.
Another point worth noting at this jun ture is the fa t that the following two
rules are not in luded, although they might be expe ted to follow for systems with
a probabilisti semanti s:

j
j0 :

and

j
: j00 :

The ante edent rst of these implies:
Pr(

j

)1 

whi h is only suÆ ient to set an upper bound on the onditional probability of the
onsequent:
Pr(: j )  
0
so no useful value for  an be determined|the value we an determine annot be
used in further inferen es be ause it is a upper, not an lower, bound. A similar
thing o urs with the se ond rule. To nd 00 it is ne essary to nd the value of:
Pr(:

j:

) = 1 Pr( j : )
Pr(: j ) Pr( )
=
Pr(: )

whi h, while it an be related to Pr( j ), and hen e to , does not have a useful
lower bound.
While the work des ribed so far has solved the problem of determining the
impa t of the non-in nitesimal values, it falls short of providing a pra ti al reasoning
system. The problem is that although in System P we an tell whether or not j
follows from the initial set of defaults, the pro edures for determining this do not
permit the propagation of the -values. Thus we an tell if j follows, and so we
an nd out if a proof exists, but we an't determine the asso iated -value. What
we need is a proof theory whi h allows the -values to be propagated through the
proof so that every inferred default has its -value determined, and providing su h
a proof theory is the subje t of the remainder of this paper.
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4. A proof theory for System P
Normally in generating a proof theory for some logi al system the pro edure8
is to establish two rules for ea h onne tive in the underlying language. One rule
relates to introdu ing the onne tive into a formula, and one relates to eliminating
the onne tive from a formula. The set of rules then de ne all the legal transformations between formulae, and thus de ne what may be proved from some initial set of
formulae. The pro ess of de ning a proof theory thus pro eeds from the underlying
language to the proof rules.
The situation here is a little di erent. System P already has a set of proof
rules de ned. However, these rules do not in lude introdu tion and elimination
rules for all the onne tives in the underlying language, and so do not support a
onventional proof theory. However, it is possible to use the existing rules to de ne
a proof theory for a signi ant part of the underlying language of System P, and
this is the approa h we adopt.
We start with a set of propositions S , a set of onne tives, f:; ^; _; !; $; )g,
and the following rules for building well-formed formulae in this language:
1. If

2 S , then

2. If

and

is a basi well-formed formula (bw ).

are bw s then : ,

3. If and Æ are bw s, then

^

,

_

,

!

,

$

are bw s.

) Æ is a default well-formed formula (dw

).

4. Nothing else is a bw or a dw .
Together all these formulae onstitute a language LS . The denotation of basi
well-formed formulae is as in propositional logi , while the meaning of dw s is the
following:

) Æ denotes the fa t that Pr(Æ j )  1 .
nitions 1 and 4 it is lear that the defaults of LS are exa tly the

De nition 4 The default

Comparing De
onditional assertions of System P for a parti ular nite . Two things follow from
this. The rst is that this hange from the general to the parti ular both allows us to
have some notion of strength of the defaults in terms of the onditional probability
asso iated with them and for es us to propagate the values every time we apply one
of the rules of inferen e. The se ond thing whi h follows is that there is a duality
between assertions and defaults. We formalise this as follows:

De nition 5 The default )i is the default dual of the onditional assertion
j and the onditional assertion j is the assertion dual of )i .
Similarly,
S by extension of this notion of duality, any set of Sonditional assertions
 = i f i j i g will have a orresponding set of dw s 0 = i f i )i i g. More
formally:
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) 2 
jP ( ; )
; jP ( ; 0)

Ax

;

Ref

jP ( ; 1 ) ; jP ( ; 2 )
; jP ( ^ ; 1 + 2 )
; jP ( ; 1 )
; jP ( ; 2 )
; ^ jP ( ; 1 21 )

;

;

jP ( ; 1 )
; jP ( ; 1 )

`

jP ( ; 1 ) ` $
; jP ( ; 1)
; jP ( ; 1 )
; jP ( ; 2)
; _ jP ( ; 1 + 2 )
; ^ jP ( ; 1)
; jP ( ! ; 1 )
; ^ jP ( ; 1 )
; jP ( ; 2 )
; jP ( ; 1 + 2 )
Fig. 5. The onsequen e relation jP.
;

And
CM
RW
LLE
Or
S
Cut

De nition 6 Given a set of defaults  and a set of onditional assertions 0 , 
is the default dual of 0 if the default dual of every assertion in 0 is in  and
there are no additional defaults in .
De nition 7 Given a set of defaults  and a set of onditional assertions 0 , 0
is the assertion dual of  if  is the default dual of 0 .
The reason for writing the defaults in this way is to distinguish between the onditional assertions themselves, and the onsequen e relation whi h de nes what may
be inferred from them|a distin tion whi h is not always lear in work on System
P. Assuming that we have a knowledge base  whi h onsists of a set of dw s, we
an then de ne the valid set of on lusions whi h may be drawn from  as those
san tioned by the onsequen e relation jP de ned in Figure 5. Note that this inludes the two rules Cut and S whi h an be derived from the basi set of rules5 .
These rules are in luded as useful \ma ros" whi h are equivalent to appli ations of
several other rules and help to shorten proofs as a result. We ould equally well
formulate SP in terms of the basi rules of System P, and exa tly the same results
would follow, though less on isely.
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The proof rules that de ne jP may need a little explanation. The rule Ax is a
form of \bootstrap" rule whi h says that if some default ) is in , then were
added to , it would be possible to infer with probability not less than 1 .
The rule And says that if adding to  makes it possible to infer with probability
no less than 1 1 and with probability no less than 1 2 , then adding to 
makes it possible to infer ^ with probability no less than 1 (1 + 2). Thus the
denotation of the onsequen e:
;

jP ( ; )

is that on the basis of what is given in , we an infer Pr( j )  1 . Another
way of viewing this is that if we add to , then we an infer with a probability
greater than 1 .
The rules RW and LLE are a little unusual in that both have ante edents whi h
involve `, whi h stands for the onsequen e relation of standard propositional alulus. Thus RW says that you an repla e any inferen e made by jP with any
logi al onsequen e, and LLE says that you an repla e anything on the left-hand
side of jP with something that is logi ally equivalent to it.
This proof system we will all SP . As with any proof system we are interested
in the soundness and ompleteness of the on lusions whi h may be drawn using
SP . We de ne:

De nition 8 A default base is a set of default well-formed formulae.
De nition 9 A basi well-formed formula is a p- onsequen e of a default base
, onditional on , i :
; jP ( ; )
By analogy with the strength of a default, the value  asso iated with a p- onsequen e is known as the strength of the onsequen e. With these de nitions, suitable soundness results are easy to obtain. The rst relates what an be inferred
using jP to System P:

Theorem 2 For every p- onsequen e , onditional on , of a default base ,
j is p-entailed by the set of assertions 0 whi h is the assertion dual of .
Proof: SP has a set of proof rules whi h mirror those of System P, and anything
that may be proved using these rules is a p- onsequen e. Sin e Kraus et al. 5
have shown that anything proved using the rules of System P from a given set of
onditional assertions 0 is p-entailed by that set, it follows that any p- onsequen e
of , the default dual of 0 , is p-entailed by 0 . 2
Thus SP allows us to infer exa tly the same things as System P. We also need to
show the soundness of the me hanism for propagating the strength of the onsequen es. This is given by the following:
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Theorem 3 The strengths of the p- onsequen es of a default base are those justi ed
by probability theory.
Proof: The soundness of the propagation of -values with respe t to probability
theory follows from Theorem 1. 2
Together these two results guarantee that SP is sound|it will generate on lusions
san tioned by System P with probabilisti ally orre t strengths. Sin e Kraus et
al. show that the rules of System P are suÆ ient to infer all the onsequen es of
System P, the following ompleteness result is immediate:

Theorem 4 For every j whi h is p-entailed by a set of onditional assertions
, is a p- onsequen e of the default dual of  onditional on .
What this theorem guarantees is any onditional assertion whi h is p-entailed by a
given set of defaults will, when those defaults are translated into the language of
SP , be a onsequen e of the orresponding set of dw s. However, this result gives
no lue as to the kinds of on lusions we an draw from a given set of dw s. It
does not tell us if a parti ular p- onsequen e will be found, it just says that it will
be found if its assertion dual is p-entailed.
What we would also like are results whi h say exa tly what kind of on lusions
we an infer from some initial set of defaults, and that is what we onsider in the
remainder of the paper.

5. De ning the s ope of SP
Our approa h is to start by analysing what an be inferred from a set of the
simplest kind of defaults, and then extend our s ope to look at more omplex
defaults.
5.1. Simple defaults
We start by onsidering that we have a set of simple defaults of the form
whi h all have the same ante edent. These form a simple default base:

)

i

i

De nition 10 A simple default base for a language LS is a default base:

[

=
i

where

and the

i

f ) i g

=1;:::;n

i

are bw s in LS .

We an think of the onsequents of this set of defaults forming a set G. In general,
we have:

De nition 11 The onsequent set of a simple default base  is the set G su h
that:
G = f i jf )i i g 2 g
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As we shall see, we need a way of referring to the onjun tion of all the propositions
in the onsequent set, and we do this by means of the asso iated onjun tion:

De nition 12 The asso iated onjun tion of a set of propositions G is de ned
by
^
=
i for all i 2 G
i

The set G is alled the asso iated set of .

Now, applying Ax and CM to
;

)1

)2

1 and

^ 1 jP



2;

2

2 , we obtain:



(9)

1 1
Using the same rules on )1 1 and )3 3 gives:


3
; ^ 1 jP 3 ;
1 1
and ombining the latter with (9) using CM will give:





3
1 1 2
If we imagine repeating this pro ess it is lear that given  we an re ursively apply
CM to obtain:
; ^ B0 jP ( i ; )
for any i 2 G, and for any B0 whi h is the asso iated onjun tion of a set B0 su h
that B0  G where  is a fun tion of the -values of the defaults to whi h CM has
been applied. In fa t we have:
;

^ 1 ^ 2 jP

3;

Lemma 1 Given a simple default base  with ante edent and onsequent set G
the onsequen e relation jP will generate all onsequen es:
; ^ B0
where

i

j

j

)

2 G, B0

jP

i; 1

P
i

!

j j

has an asso iated set B0 , for every
with strength j in , and B0  G.

j

in B0 there is a default

Proof: This follows more or less dire tly from the previous dis ussion. Sin e it is
possible to use CM to get ; ^ B0 jP ( i ; ) for any i in the onsequent set and
any B0 whi h is a onjun tion of propositions from the onsequent set, then it is
possible to use it to obtain all su h p- onsequen es. The relevant value of  follows
by simple arithmeti on the strengths of the relevant defaults. 2
In other words, CM allows us to obtain as a p- onsequen e any proposition in the
onsequent set of  onditional on onjoined with any other propositions in the
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onsequent set. The -value that results is that of the p- onsequen e onditional on
alone, divided by 1 minus the sum of the -values of ea h of the propositions in
the onjun tion onditional on alone.
Sin e the rule And makes it possible to build up onjun tions on the onsequent
side, similar reasoning makes it obvious that re ursively applying the rule to the
same initial set of defaults will give:
; jP ( 0 ; )
for some , where 0 is the asso iated onjun tion of a set G0 and G0
time, we have:

 G.

This

Lemma 2 Given a simple default base  with ante edent and onsequent set G
the onsequen e relation jP will generate all onsequen es:
;

jP

0 ; X k

!

k

where 0 has an asso iated set G0 , for every
with strength k in , and G0  G.

k

in G0 there is a default

)

k

k

Proof: As with the dis ussion of CM, onsider applying the rules Ax and And to
)1 1 and )2 2 . This gives:

jP ( 1 ^ 2 ; 1 + 2 )
)3 3 and )4 4 gives:
; jP ( 3 ^ 4 ; 3 + 4 )
;

Using the same rules on

(10)

and ombining the latter with (10) using the rule And will give:

0
^
; jP 
i

=1;:::;4

i

X

;
i

=1;:::;4

1
i A

Now, it is learly possible to use And in this way to get ; jP ( i ; ) for any
onjun tion i whose onstituent propositions i are in the onsequent set. Thus
it is possible to use it to obtain all su h p- onsequen es and the result follows. 2
Thus the And rule makes it possible to obtain as a p- onsequen e any onjun tion
of propositions from the onsequen e set of , onditional on . The -value whi h
results is the sum of the -values of those propositions alone onditional on .
Clearly, then, if we use both rules together, we an derive on lusions of the form:
; ^ B0 jP ( 0 ; )
where B0 and 0 have asso iated sets B0 and G0 su h that B0  G and G0  G.
Note it is possible that B0 \ G0 6= ;. To prove this formally, we rst need to extend
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the notion of duality between di erent representations of defaults introdu ed above.
There we had the notion of the assertion j being the dual of a default )i .
We extend this by noting that any su h default, after the appli ation of the proof
rule Ax generates a p- onsequen e ; jP ( ; i ). We thus de ne:

De nition 13 The default )i whi h is part of , is the default dual of the
p- onsequen e ; jP ( ; i ) and the p- onsequen e ; jP ( ; i ) is the onsequen e dual of )i .
This overloads the term \default dual", but its meaning will always be lear from the
ontext. As before we extend this de nition to sets of defaults and p- onsequen es:
De nition 14 Given a set of defaults  and a set of p- onsequen es 0 ,  is the
default dual of 0 if the default dual of every p- onsequen e in 0 is in  and there
are no additional defaults in .
De nition 15 Given a set of defaults  and a set of p- onsequen es 0 , 0 is the
onsequen e dual of  if  is the default dual of 0 .
With these de nitions we an ombine Lemmas 1 and 2 to obtain the following:

Theorem 5 Given a simple default base with ante edent and onsequent set G,
the onsequen e relation jP will generate all onsequen es:
; ^ B0

jP

0;

1

!
P
kPk
j j

where B0 and 0 have asso iated sets B0 and G0 , for every j in B0 there is a default
)j j with strength j in , for every k in G0 there is a default )k k with
strength k in , and B0 ; G0  G.

Proof: First apply Lemma 1 to obtain a series of p- onsequen es:

!

k
jP k ; 1 P
j j
for ea h k whi h is one of the onjun ts in 0 . Then apply Lemma 2 to the default
dual of this set. The result follows. 2

; ^ B0

We refer to the set of onsequen es de ned by Theorem 5 as the simple onsequen es
of .

5.2. More omplex defaults
The results in the previous se tion hara terise the kind of onsequen es we an
prove using the rules And and CM on a set of simple defaults. It is possible to
generalise these results to wider sets of defaults. Consider that instead of a set of
simple defaults, we have, instead, a general set of onjun tive onsequent defaults of
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the form )i i where , as before, is a single proposition and i is onjun tion
of propositions, known as the onjun tive onsequent. This set of defaults is a
onjun tive onsequent default base:

De nition 16 A onjun tive onsequent default base for a language LS is a default
base:
[
f )i i g
=
i=1;:::;n
where is a bw in LS , and i is a onjun tion of su h bw s.
For su h defaults we expand the notion of the onsequent set to in lude all propositions whi h o ur in a onjun tive onsequent:

De nition 17 The onsequent set of a onjun tive onsequent default base  is
the set G su h that:
G=f

i

jf )

1 ^::: ^

i

i

^ : : : ^ n g 2 g

Sin e a onjun tive onsequent default base  an ontain simple defaults, it is
helpful to distinguish the simple subset, whi h is the set of all simple default rules in
. We denote this by s . Now, applying the rule Ax to any onjun tive onsequent
default in  will give:
; jP ( i ; i )
RW allows us to repla e any p- onsequen e with any of its logi al onsequen es.
This makes it possible to obtain:
;
for any

j

jP ( j ; i )

whi h is one of the onjun ts in

i

. This immediately gives us:

Lemma 3 Given a onjun tive onsequent default base , with onsequent set G,
then jP will generate all onsequen es:
; jP ( 0 ; )
where  ontains a default

)

i

i

, Gi is the asso iated set of

i

and 0 2 Gi

Sin e this set of p- onsequen es is the onsequen e dual of the set of simple defaults
)i 0 , Lemma 3 suggests that any onjun tive onsequent default base has a
orresponding simple default base su h that both default bases have a ommon set
of p- onsequen es|the onsequen e dual of the simple default basez. We all this
z It

should be noted that while the p- onsequen es of these two default bases are the same, the

-values of these p- onsequen es will, in general, di er, with the -values of the p- onsequen es

derived from the simple default base being higher. As an example, onsider the default base
;
. The formula
is a p


onsequen e of both default bases, but has strength  when derived from the rst and 2 when
derived from the se ond.

f ) ^ g, whi h has simple equivalent f )

) g

^
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simple default base the simple equivalent of the onjun tive onsequen e default
base.

De nition 18 Given a onjun tive onsequent default base , with onsequent set
G, then its simple equivalent is the set of defaults:

f )

i

j

j f )

i

1 ^ :::^

j

^ : : : ^ n g 2 g

Thus to transform a onjun tive onsequent default base into its simple equivalent
we repla e every onjun tive onsequent default with a set of simple defaults, ea h
with the same strength as the original default and a onsequent whi h is one of the
onjun ts in the onsequent of the original default. Given De nition 18 we have:

Theorem 6 Given a onjun tive onsequent default base , the onsequen e relation jP will generate all the simple onsequen es of the simple equivalent of .
Proof: Call the onsequen e dual of the simple subset s of  by the name P1 .
Take the set  s , and apply Lemma 3 to it to obtain a set of p- onsequen es of
the form:
; jP ( k ; j )
whi h in ludes one su h p- onsequen e for ea h k whi h appears in the onsequent
set of  s . Call this set of p- onsequen es P2 . The set P1 [ P2 is then exa tly
the onsequen e dual of the simple equivalent of . Thus anything whi h an be
derived from the simple equivalent of  an also be derived from  itself. 2
The reason that this result is important is that it allows us to apply Theorem 5
to onjun tive onsequent default bases, by rst turning the default base into its
simple equivalent. This in turn means that we an immediately write down a
subset of the p- onsequen es of any onjun tive onsequent default base |the
simple onsequen es of its simple equivalent. We all these the simple equivalent
onsequen es of .
Now let's onsider generalising the set of defaults  to what we will all a set of
general onjun tive defaults of the form ^ Bi )i i where , as before, is a single
proposition and Bi and i are onjun tions of propositions. This set of defaults is
a general onjun tive default base:

De nition 19 A general onjun tive default base for a language LS is a default
base:
[
f ^ Bi )i i g
=
i=1;:::;n
where is a bw in LS , and the Bi and i are onjun tions of su h bw s.
Thus a general onjun tive default base is just a set of onjun tive onsequen e
defaults whi h have a onjun tive ante edent Bi onjoined to their base ante edent .
Su h a default base has a simple subset s as before, and a onjun tive onsequent
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subset  whi h in ludes defaults of the form )i i . From su h a default base we
an learly generate all p- onsequen es whi h are simple equivalent onsequen es
of s [  . These are all the p- onsequen es of  whi h an be obtained by
applying CM, And, and RW alone. However, there are further p- onsequen es of
a set of general onjun tive defaults. Applying the rules Ax and S to a default
^ Bi )i i in  (s [  ) will give:
; jP (Bi ! i ; i)
Now, if we an obtain:

;

Applying And will give us
;

jP (Bi ; j)

jP (Bi ^ (Bi ! i ); i + j )

and then RW will allow us to obtain:
;

jP (Bi ^ i; i + j )

and hen e:

; jP ('ij ; i + j )
for any 'ij 2 Bi [ Gi where Bi and Gi are the asso iated sets of Bi and i . One
way that:
; jP (Bi ; j)
an be obtained at the ru ial point is if this is a simple equivalent onsequent of
s [  . This gives us:

Lemma 4 Given a general onjun tive default base  with base ante edent ,
whose simple subset is s and whose onjun tive onsequent subset is  , then
jP will generate all the onsequen es of the form:
; jP ( 0 ; i + j )
where  ontains a default
and

^ Bi )  i

i, Gi is the asso iated set of

i

, 0

2 Gi ,

; jP (Bi ; j)
is one of the simple equivalent onsequen es of s [  .

Proof: This follows immediately from the previous dis ussion. 2
As with Lemma 3, this is a \redu tion" result, whi h allows us to use a omplex
set of defaults to obtain a set of p- onsequen es whi h we ould obtain from a
mu h simpler set of defaults. Following this analogy, in the same way as we de ned
the simple equivalent of a set of onjun tive ante edent defaults, we an de ne a
set of simple defaults whi h, when we apply Ax to them, give us the same set of
onsequen es as applying Lemma 4 to a general onjun tive default base. This set
is de ned as follows:
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De nition 20 Given a general onjun tive default base  with simple subset s
and onjun tive onsequent subset  , its redu ed equivalent is the union of s ,
the simple equivalent of  , and the set of defaults:

f )

i

j

j f ^ 1 ^ :::^

m

)

i

1 ^ :::^

j

^ : : : ^ n g 2 ; 1 ; : : : ;

m

2 Gg

where G is the onsequent set of s [  .

With this notion of a redu ed equivalent set, it is easy to identify one set of onsequen es of a general onjun tive default base.

Theorem 7 Given a general onjun tive default base , jP will generate all simple
onsequen es of the redu ed equivalent of .
Proof: Immediate by applying Lemma 4. 2
We all these the onservative onsequen es of , so named be ause they are only
a subset of the full set of onsequen es. However, in establishing this set of onsequen es, we have hara terised a signi ant portion of the onsequen es of general
onjun tive default bases in a way whi h makes it easy to determine if a parti ular
onsequen e is one of the number. For a given formula and general onjun tive
default base , we an answer the question \is a onservative onsequen e of ?"
by inspe tion.
We an view the results we have obtained as forming a sequen e of onsonant
sets of onsequen es. Consider a general onjun tive default base . Theorem 5
identi es all the onsequen es of the simple subset of  whi h an be obtained
using the rules And and CM, the two rules whi h allow arbitrary onjun tions to
be established on either side of the turnstile. These are the simple onsequen es
of . Theorem 6 makes it possible to draw on lusions from a larger subset of
, namely the union of the simple subset and the set of onjun tive onsequent
defaults, again using the rules And and CM, along with RW. This set of onsequen es, the simple equivalent onsequen es, in ludes all the simple onsequen es.
Finally, Theorem 7 makes it possible to use every default in , obtaining the set of
onservative onsequen es, whi h in ludes all the simple equivalent onsequen es.
Theorems 5, 6 and 7 omplement Theorem 4. The latter says that anything
provable will eventually be proved. It therefore de nes what is provable from above,
pla ing a limit on the set of onsequen es whi h an be proved without giving an
indi ation of what they are. The former are a rst step towards de ning what is
provable from below. Given a default base these results tell us what an be proved.
However, they do not identify every possible onsequen e, sin e other onsequen es
an be determined by the appli ation of other proof rules. For example we have:

S

Theorem 8 Given a general onjun tive default base  = i f ^ Bi )i i g with
base ante edent , the onsequen e relation jP will generate all p- onsequen es:
;

jP (; )
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where  =

V

j

'j ,

^
i

(:Bi _ i ) ` 'j

and

=

X

i

i

Proof: For every ^ Bi )i i we an apply Ax, S and RW to get ;
i ; i). Applying And to all of these gives
;

^

X

i

i

jP ( (:Bi _ i );

jP (:Bi _

i )

and sin e applying RW to this latter does not hange the value of , the result
follows. 2
The value of  here is learly an upper bound, giving a lower bound on the value
of the onditional probability of the resulting p- onsequen es. A tighter bound
ould be obtained by \And"ing only those defaults whi h are a tually used in the
derivation of the 'j . This raises the issue of what we should on lude if we obtain
several p- onsequen es of the form:
;

jP (; i )

with di erent strengths i . What these mean, of ourse is that:
Pr( j )  1 i
for various i . These results are entirely onsistent, and we are justi ed in pi king
whi hever i we wish. Typi ally we will hoose the smallest, sin e this gives us the
highest value of Pr( j ).
It should also be noted that Theorem 8 identi es a mu h larger set of potential
onsequen es than the onservative onsequen es. However, to establish these it is
ne essary to invoke a standard propositional theorem prover.

5.3. More than one default base
All the results presented so far hold for sets of defaults with a single proposition
on the ante edent side. Clearly we an repla e with an arbitrary onjun tion of
propositions, re overing analogous results after the ne essary hanges in de nition
of terms su h as \simple default"|in the interests of spa e we will not onsider
this extension in detail. Instead, taking the idea of having a onjun tion as an
ante edent somewhat further, one might imagine that there are more onsequen es
that might be inferred from defaults with ante edents with several propositions in
ommon, for instan e:
^ ) 0
1
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and

^ Æ )2

00

However, if is a single proposition, we have already analysed the situation sin e
these two defaults are part of a general onjun tive default base with base ante edent
. If is a onjun tion, then this ase is part of the simple extension already
dis ussed. Thus there are no parti ularly interesting results that may be obtained
here.
Another ase that seems worth investigating is when we have more than one
default base. Su h a situation arises when we an partition a set of defaults into
two or more subsets where every default in ea h subset has at least one ante edent
proposition in ommon (the base ante edent of that subset), but there are no ommon ante edent propositions between defaults in di erent subsets. An example of
su h a situation is when we have:

[

=
i

and

f ^ Bi )i i g

=1;:::;n

[

0 =

f ^ Bj )j jg
=1;:::;n
where Bi and Bj are the asso iated sets of Bi and Bj respe tively, and
j

[
i

Bi \

[
j

Bj = ;

However, this is a situation when the very onservative nature of System P works
against us. The only rule of SP whi h makes it possible to ombine two ponsequen es with su h ante edents is Or. Or only applies to two defaults whi h
have the same formula on the right of the turnstile. In other words, it only applies
dire tly if i and j are identi al. However, thanks to RW, we an onvert anything on the right hand side to any of its logi al onsequen es, so we an apply Or
indire tly provided that either i ! j or j ! i . Thus, given:

)1
)2 Æ
provided that:

`Æ

we an apply Ax to both defaults and then RW to the rst to obtain:
;
;
and then use Or to infer:

;

jP (Æ; 1)
jP (Æ; 2)
_ jP (Æ; 1 + 2 )
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However, Or on its own does not modify the right hand side of the turnstile, and
so does not make it possible to establish any new p- onsequen es|in this example
we ould already obtain:
; jP (Æ; 1)
using just the rst default. What Or does is to make it possible to alter the states
that existing p- onsequen es are onditional on, and sin e this is somewhat outside
our interest we will say no more about it here.
In fa t, the only way to draw substantial on lusions from several default bases
is to turn them into a single default base. This is possible using a ombination of
the rules S and LLE. Given any default

)1
we an use Ax and LLE to obtain:

^ > jP ( ; 1 )

;

whi h is not mu h use on its own, but allows us to apply S to get:
; > jP (

! ; 1 )

Applying this transformation to several defaults from di erent default bases gives
us a new default base with base ante edent >. Clearly we an then establish similar
results to those obtained above for defaults with base ante edent , but writing >
in pla e of on the left of the turnstile, and ^ Bi in pla e of Bi on the right. We
an summarise everything whi h an be inferred using this parti ular ombination
of proof rules in the same way as is possible in Theorem 8:

S

Theorem 9 Given a general onjun tive default base  = i f ^ Bi )i i g with
base ante edent , the onsequen e relation jP will generate all p- onsequen es:
where  =

V

; > jP (; )
j

'j ,

^
i

(:

and

_ :Bi _
=

X

i ) ` 'j

i

i

Proof: For every ^ Bi )i i we an apply Ax, LLE, S and RW to get
; > jP (:( ^ Bi ) _ i; i ). Applying And to all of these gives
;

^

X

i

i

jP ( (:( ^ Bi ) _ i);

i )
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(i)
(ii)
(iii)
(iv)
(v)

party ; linda jP (steve ; 0 :1 )
party ; linda jP (great ; 0 :01 )
party ; linda ^ steve jP (great ; 0 :011 )
party ; linda ^ steve jP (:noisy ; 0 :05 )
party ; linda ^ steve jP (great ^ :noisy ; 0 :061 )

Ax; 4
Ax; 2
CM; (i); (ii)
Ax; 5
And; (iii); (v)

Fig. 6. The proof of a onservative onsequen e about Linda

and sin e applying RW to this latter does not hange the -value, the result follows.

2

All of the results obtained in this se tion an be onsidered to be ompleteness
results for SP in the sense that they identify all the possible onsequen es whi h
fall into the parti ular lasses given. In ombination with the soundness result of
Theorem 2 and 3 they give the usual guarantees for a parti ular set of onsequen es.

5.4. Future work
One way of looking at the results presented in this se tion is as a set of partial
lassi ations of the kinds of onsequen es whi h an be derived from a set of
defaults. Another way of onsidering them is as a set of results for transforming a
set of defaults in a way whi h does not hange their p- onsequen es. In this sense, we
an onsider De nition 18 as a way of transforming a onjun tive onsequent default
base into its simple equivalent without hanging the set of simple onsequen es
whi h an be derived from it (though, as mentioned above, the -values will in
general be di erent).
The fa t that this kind of transformation is possible suggests that it may be possible to identify additional transformations whi h are distinguished in some way (the
transformation to a simple equivalent being distinguished by the fa t that it is made
up entirely of simple defaults). Two su h distinguished transformations spring to
mind. One is that whi h guarantees the lowest -values for all the p- onsequen es|
this would learly be useful sin e it would guarantee the strongest onsequen es
(equally learly it won't be the transformation whi h gives the simple equivalent).
The se ond is that whi h gives the shortest proofs (in the sense of requiring the
fewest appli ations of the proof rules of SP ) for the set of p- onsequen es. One
interesting dire tion for future work in this area is the identi ation of su h distinguished transformations.
6. An example
We now illustrate the use of SP on the following, inspired by examples given by
Kraus et al.5 .
Brian and Linda are two happy-go-lu ky people who are normally the
life and soul of any party (so if either go to a party it will normally be
great). Until re ently Brian and Linda were married, but then Linda
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ran o with a mime artist, Steve. As a result, if both Brian and Linda
go to the same party they will probably have a s reaming row and ruin
it (so it will not be great and it will be noisy).
If Linda goes to a party she will probably take her new boyfriend Steve
and get him to entertain the guests with his marvellous miming. Thus
if Linda goes to a party, Steve will probably go to the same party and
if Linda and Steve go to a party together it will normally not be noisy
be ause everyone will be wat hing his miming. Normally parties that
are great are noisy, and those that are not noisy are not great.
We represent this by the following default base party . It should be understood
that we are trying to as ertain the likelihood of any given party having various
attributes (brian is present, it is noisy, and so on).
1.
2.
3.
4.
5.
6.
7.

brian )0:01 great
linda )0:01 great
brian ^ linda )0:15 :great ^ noisy
linda )0:1 steve
linda ^ steve )0:05 :noisy
great )0:1 noisy
:noisy )0:1 :great

As an example of the generation of a onservative onsequen e, onsider the proof
of Figure 6. As this proof demonstrates, we an on lude that if both Linda and
Steve go to the party, then the probability that it will be both great and not noisy
is greater than 0.939 (1 minus the strength of the p- onsequen e linda ^ steve ).
If we ombine defaults from the di erent onjun tive default bases in , we an
obtain additional on lusions. For example, onsider Figure 7 whi h gives a proof
for the p- onsequen e linda onditional on >. This tells us that the probability
of Linda going to any parti ular party is at most 0.26. This last example neatly
illustrates two points.
The rst is a property of System P. We have shown that the probability of Linda
going to any parti ular party is quite low. It ertainly isn't likely enough to be a
default on lusion. However, if we know that Linda does go to a party|a fa t whi h
makes the party somewhat abnormal|then we an draw on lusions whi h are very
likely for su h abnormal parties (they are very likely to be great, for instan e). The
se ond point is to do with the form of the proof. As stated above, the proof of
the p- onsequen e :linda involves the use of defaults from di erent onjun tive
default bases (in parti ular that with base ante edent linda and the single default
with base ante edent :noisy ). This is possible through the use of LLE and S to
obtain p- onsequen es onditional on > whi h may then be ombined using And.
As mentioned above, this is an important me hanism for ombining defaults from
di erent default bases.
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(i)
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)

party ; linda ^ steve jP (:noisy ; 0 :05 )
party ; linda jP (steve ; 0 :1 )
party ; linda jP (:noisy ; 0 :15 )
party ; linda jP (great ; 0 :01 )
party ; linda jP (great ^ :noisy ; 0 :16 )
party ; > ^ linda jP (great ^ :noisy ; 0 :16 )
party ; > jP (:linda _ (great ^ :noisy ); 0 :16 )
party ; :noisy jP (:great ; 0 :1 )
party ; > ^ :noisy jP (:great ; 0 :1 )
party ; > jP (:great _ noisy ; 0 :1 )
party ; > jP ((:great _ noisy )
^ (:linda _ (great ^ :noisy )); 0 :26 )
party ; > jP (:linda ; 0 :26 )

Ax; 4
Ax; 5
Cut; (i); (ii)
Ax; 2
And; (iii); (iv)
LLE; (v)
S; (vi)
Ax; 7
LLE (viii)
S; (ix)
And; (vii); (x)
RW; (xi)

Fig. 7. The proof of a non- onservative onsequen e on erning Linda

The above treatment of the example is an illustration of applying the proof rules
of SP dire tly. We an also onsider the example from the perspe tive of the sets
of simple, simple equivalent, and redu ed equivalent onsequen es of party . To
do this, we rst identify the fa t that the database ontains four separate simple
default bases. These are:
)0:01 great party : brian )0:01 great
: linda
party
s2
s1
linda )0:1 steve
party
: :noisy )0:1 :great
party
s3 : great )0:1 noisy
s4
has any interesting p- onsequen es beyond its onsequent dual.
Of these only party
s1
Building the simple onsequen es of this set of defaults, and ignoring the onsequen e duals of the original defaults, and those p- onsequen es whi h have the
same proposition on both sides of the turnstile, we get, by Theorem 5:
party ; linda jP (steve ^ great; 0:11)
party ; linda ^ steve jP (great; 0:011)
party ; linda ^ great jP (steve; 0:101)
We an also explore the onsequen es of more omplex defaults in party . There
are no onjun tive onsequen e defaults, so we will look at the general onjun tive
default bases in party . Of these, again the most interesting is that with base
ante edent linda. This is:

linda )0:01 great
linda )0:1 steve
linda ^ steve )0:05 :noisy
whi h has the redu ed equivalent:
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linda )0:01 great
linda )0:1 steve
linda )0:05 :noisy
On e again we an easily generate a set of simple onsequen es from this, part of the
set of onservative onsequen es of party . Ignoring, on e again, onsequen e duals
and p- onsequen es in whi h the same proposition appears on both sides of the
turnstile, along with the simple onsequen es of party
, we an obtain the following
s1
onservative onsequen es:
party ; linda jP (steve ^ great ^ :noisy; 0:16)
party ; linda jP (steve ^ :noisy; 0:15)
party ; linda jP (great ^ :noisy; 0:16)
party ; linda ^ steve jP (great ^ :noisy; 0:06)
party ; linda ^ great jP (steve ^ :noisy; 0:152)
As with the simple onsequen es of party
we an simply write these down without
s1
the need to use SP dire tly.

7. Related work
There are four main areas of losely related work. The rst is the large body
of work on System P as a me hanism for default reasoning. Most of this work
has involved extending System P in various ways. The problem that all this work
addresses is the fa t that System P is too weak. The onsequen es it san tions are
orre t, and are widely a epted as the minimum that any interesting nonmonotoni reasoning system should generate, but they are too onservative sin e they
are guaranteed not to be false in the light of any subsequent information. Thus
System P doesn't really provide nonmonotoni reasoning|it doesn't draw on lusions whi h are later withdrawn. In probability terms, what System P does is to
look at all the onstraints, embodied in the default assertions, on the probabilities
of all the propositions in the database it is invoked on, and then identify the family
of probability distributions whi h satisfy the onstraints. It then san tions any inferen e whi h represents an additional onstraint that holds in every distribution.
The various approa hes to extending System P have looked for ways to hoose a
preferred distribution|they then san tion any assertion whi h satis es that distribution. System Z9 , and equivalently rational losure10, do this in a way whi h
orresponds to adding the following proof rule, the rule of rational monotoni ity, to
System P:
a j ; a 6j :b
a ^ b j
Another approa h to hoosing the preferred distribution is to use the prin iple of
maximum entropy, as initially suggested by Goldszmidt11 and later extended by
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Bourne12. More dis ussion of this line of work may be found elsewhere13, but
it should be lear from the above that this work has a rather di erent emphasis
from that of this paper, being on erned with extending System P rather than
working within in, and not being greatly on erned with either the strength of the
on lusions or their proof.
The se ond main pie e of related work is Ba hus'14 inheritan e reasoner. Ba hus' system allows two kinds of relation between formulae, ) and ! whi h distinguish between stri t and statisti al set in lusion. Thus ) denotes the fa t
that all s are s while ! denotes the fa t that \most" s are s. The latter
is true provided that more than half of all s are also s, in other words if the set
of all individuals with both property and property is at least half as large as
the set with property . These two relations, along with negation, are suÆ ient to
apture a range of attra tive properties for reasoning about inheritan e.
Comparing Ba hus' system to SP , there are two obvious remarks. The rst
is that SP is more expressive sin e Ba hus' system does not in lude onjun tion
or disjun tion. The se ond is that SP is dire tly on erned with the bounds on
the assertions whi h are derived, while Ba hus is only on erned with deriving
whether \most" of a lass of individuals have some property. The aim of his work
is thus loser to System P where the value of the bounds is not an issue (though it
is arguably more realisti not to depend on in nitesimal values as System P does).
It is also possible to ompare the systems in more detail|though a full exploration of the di eren es and similarities would probably require a further paper|
looking at the various properties of Ba hus' system and identifying whether they
hold in SP . The main properties of interest are those relating to dedu tion ( aptured in Ba hus' Theorem 4.1), those relating to resolving lashes between on lusions ( aptured in \subset preferen e" and \ ertainty preferen e") and the fa t that
inheritan e is only san tioned over one ! link. The dedu tive properties hold in
SP , as does the failure to hain over \most" links (assuming a translation between
Ba hus' ! and j )x. The natural way to resolve lashes in SP is to look at
the -values, allowing: ; jP ( ; 1 ) to be preferred to: ; jP (: ; 2 ) provided
that 1 < 2 (sin e the relevant probability is one minus the -value). Doing this
ensures that ertainty preferen e holds, but subset preferen e does not|that is we
an resolve lashes between properties whi h are inherited from a lass and those
inherited from a super lass, but not ne essarily in a way that respe ts spe i ity.
This, of ourse, is a well-known limitation of System P13 . Overall, then, while the
two systems have some properties in ommon, neither aptures the other.
The third pie e of losely related work is that of Gilio15 , who has followed the
approa h adopted in the rst part of this paper but using de Finetti's approa h16;17
to ompute the bounds on the derived assertions. This approa h makes it possible
to derive the probably tightest bounds on the -values, and doing this allows Gilio
haining property is investigated by Kraus et al.5 and found not to hold for System P for
mu h the same reason as it fails to hold for Ba hus' system.

x This
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to improve on our results for Cut and Or. The resulting rules are, respe tively:

^ j1 ; j2
j1 +2 1 2

and

j1 ; j2
_ j 1 +1 2 12 21 2




 
 

It should be noted that the di eren e between the -values obtained using the
improved bounds and those obtained using our bounds are small. For example,
Gilio obtains an -value of 0.145 for the assertion Linda j :noisy as opposed to
the 0.15 we obtain.
Finally, Snow 18;19 and Benferhat et al. 20 have investigated probabilisti semanti s for System P whi h do not rely upon in nitesimal values. This work is
learly related to both our approa h and Gilio's. However, it is more in line with
the work on extensions to System P dis ussed above be ause it is not on erned
with the a tual probabilities of the assertions or their onsequen es. All Snow and
Benferhat et al. are interested in is the fa t that it is possible to onstru t suitable non-in nitesimal probability distributions whi h satisfy System P, they aren't
parti ularly interested in the a tual probabilities.

8. Con lusion
This paper has three main results. The rst of these is to have shown that given
the assumption that onditional assertions may be treated as onditional probabilities with lower bounds, we an obtain lower bounds for the derived onsequen es.
The se ond main result is to have given a proof me hanism for obtaining these onsequen es, and to have explored its properties. Thus if we know the lower bounds
on the onditional probabilities of a set of input assertions, we an identify whi h
onsequen es may be derived, and establish the lower bounds on the onditional
probabilities of these onsequen es. Moreover the lower bounds are given by simple
fun tions of the initial bounds al ulated for ea h proof step in System P. The third
main result is to have identi ed three sets of onsequen es of a set of defaults|
the simple onsequen es, the simple equivalent onsequen es, and the onservative
onsequen es|in a way whi h enables them to be easily enumerated. Further sets
of onsequen es an be obtained at the ost of some onventional theorem proving.
The advantages of these results are as follows. First they allow us to use real
rather than in nitesimal probabilities sin e by keeping tra k of the bounds we an
tell whi h onsequen es are justi ed| learly any onsequen e with a low lower
bound might be onsidered suspe t. The se ond advantage is that only a lower
bound onditional probability is required for ea h default rule rather than a point
probability, and this may mean that the numeri al values ne essary for this approa h
are easier to assess than those ne essary for approa hes whi h use point values.
Clearly we still require these values to be high or the results obtained will be useless
sin e derived onditionals will only be known to have an asso iated onditional
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probability that is greater than some small value. The third advantage is that
a subset of the full set of onsequen es of a given set of onditional assertions is
immediately identi able, without the need for any theorem proving. This makes
it possible to both enumerate all su h onsequen es, and to qui kly establish if a
parti ular onsequen e is a member of this subset{.
Of ourse there are disadvantages to the use of our approa h, and perhaps the
worst of these stems from System P itself and our use of its proof rules. As mentioned above, System P is a epted as being a s epti al reasoning me hanism, that
is, only onservative (and ompletely sound) on lusions an be obtained. This is
insuÆ ient for most purposes sin e we will often want to draw more tenuous on lusions. The fa t that we use the rules of System P dire tly prevent us extending our
approa h to over some of the spe ialisations of System P that have been suggested
sin e these spe ialisations do not have expli it proof rules.
Finally, it is worth noting that be ause the initial set of lower bounded onditional probabilities are propagated through the proof, the output is a set of probability statements similar to:
Pr(

^ : j ^ Æ)  1 

If the propositions and Æ are pie es of eviden e (in other words things whi h
are known to have o urred), this output information is suÆ ient to establish the
probability of the state ^ : . Thus the output of SP an be used, along with
information on the utility of ^ : as the basis of some de ision making pro ess,
and this is the dire tion that our resear h on the topi of this paper is taking us
now. This onne tion to de ision theory also explains our fo us on onjun tions and
the fa t that we have not made mu h use of the proof rule Or|in de ision making
we are not usually interested in probability statements like:
Pr(

^ : j _ Æ)  1 
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