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Abstract.  Agent-based simulation is increasingly used to analyze the
performance of complex systems.In this paper we describe results of our
work on one speci ¢ agert-based model, shoving how it can be validated
against the equation-based model from which it wasderived, and demon-
strating the extent to which it can be usedto derive additional results
over and above those that the equation-based model can provide.

1 Intro duction

We have beenexamining various setsof data related to human education. Typi-
cally, this data is collectedin one of two ways: (1) very large, aggregatedata sets
over entire populations (lik e whole cities, school districts, statesor provinces)or
(2) very small, localized experimertal samples.In both casesthe data is usually
analyzed using standard statistical methods. Often, the most highly publicized
statistics are the simplest, for examplethe meanand standard deviation of stan-
dardized test scores.These values are frequertly the onesusedto make policy
decisions.Occasionally analysisis performedthat examineshow multiple factors
in uence ead other, such asthe relationship betweenstudent-teacher ratios and
test scores,dollars per student and test scores,or classsize and test scores.

In this example, it is di cult to analyzeand understand the relationships be-
tweenthese four factors (student-teacher ratios, test scores,dollars per student
and classsize) using standard statistical techniques;and asthe set of factors in-
creasesn number and complexity, the analysisbecomeseven more complicated.
Additionally , the statistical methods do not provide a meansfor examining stu-
dents who fall more than one standard deviation outside the mean (either above
or below). For example, maybe students who perform above the mean bene t
from higher studert-teacher ratios and smaller class size, while students who
perform below the mean prefer lower student-teacher ratios but also smaller
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Fig. 1. Deriving an agert-based model from an equation-based model and then verify-
ing it

classsizes.Further, the statistical methods do not provide a meansfor modeling
the interactions betweenstudents. For example, somestudents may learn better
in a homogeneousclassraom, where all their classmatesare of similar ability,
while others might do better in a classraom where they can learn from social
peerswhoseability di ers from theirs by more than a standard deviation. Our
aim is to develop modelsthat can make useof thesesubtle interactions, and use
them to analyzethe e ects of education policy [10,11]. We are using agert-based
modeling to do this.

Agent-based modeling can help bridge the gap between macro and micro
data sets, using both interpolation and extrapolation techniques to combine
information and produce comprehensi, interactive and exible ernvironments
for experimentation. Agent-based modeling is particularly appropriate [8] for
systemsin which there are many di erent loci of control [14], somethingthat is
a particular feature of the kinds of systemthat we are interested in modeling.
In this paper, we describe results of our work on onespeci ¢ agert-based model,
showing how it can be validated against the more traditional model from which
it was derived, and highlighting the extent to which it can be usedto derive
additional results over and above those that the traditional model can provide.

2 Agent-based modeling

Agent-basedmodeling cortrasts with traditional approacesto simulation, which
are typically built up from setsof interrelated di eren tial equations. Such tradi-
tional models,commonly called equation-basel models (ebms), have beenwidely
applied and generate useful predictions about the behavior of populations. So
why useagert-based models? There seemto be four main answers[2]: (i) agert-
based models are a natural way to describe systems comprised of interacting
ertities; (i) agern-based models are exible; (iii) agert-based models capture
emergert phenomena;and (iv) agert-based models provide accessto a greater
level of useful detail. In particular, modeling interactions betweenertities canbe



much easierin agerti-based systemsthan in ebms, even when oneis comfortable
with the conceptsof partial di erential equations.

This naturalness and easeof modeling helps to make agernt-based models
more exible than ebms. As Bonabeau argues[2], agert models are typically
simple, and so are easyto understand and thus to change. It is usually easyto
increasethe size of a simulation, adding new agens to seeif interesting e ects
are swamped by agert numbers, or taking agerts away if interesting detail is
obscured. It is also possibleto look at the results of simulations at dierent
levels of detaillat the level of a single agert, at the level of somespeci ¢ group
of agerts, or at the level of all agerts together. All these things are harder to
managein ebms.

In addition to their inherent naturalnessand exibilit y, agert-based simu-
lations allow oneto identify emegent phenomena Emergert phenomenaresult
from the actions and interactions of individual agerts, but are not directly con-
trolled by the individuals. Indeed, they have an existencethat is partly indepen-
dent of those individuals|the classicexample of an emergert phenomenonis a
trac jam, which, while causedby the actions of driversmoving in onedirection,
may travel in the opposite direction.

Emergert phenomenasimply do not shawv up in ebms, but knowing about
them can be crucial. As an example, Greenwald and Kephart [3,5] showed that
while intuition suggestedthat frequert price updateswould allow rms to steal
extra pro ts from their competitors, in fact it would leadto damagingprice wars;
and [1] shoved how an agen-based model identi es e ects of changesin rent-
control policy that are beyond the reach of ebms. Such ndings are also echoed
in ecology[4,12] where agert-based models (under the name \individual-based
models") have beenusedfor someyears.

As others have described [2, 8], it is possibleto generateagert-based models
from more traditional models. Figure 1 shows the processby which an agert-
basedmodel is derived from an equation-basedmodel. Presumably, the equation-
basedmodel (labeled box \B") was created after performing statistical analysis
on araw data set (box \A"). By de nition, the statistical equation will be able
to capture regularities in the data set and will provide a snapshotview of the
ernvironment or phenomenawhich it models. The agert-based model (box \C")
is created by taking ead of the variables in the equation-basedmodel and the
distribution of ead of the variables(this would be a statistical distribution, sud
as a Gaussian), and then by de ning agert behaviors that will produce results
falling within this distribution. While single behaviors may contribute to oneor
two variables, the interaction betweenmultiple behaviors canreplicate the ertire
data set;and do soin an interactiv e ervironment that allows for experimentation.

The agert-based model can be veri ed by executing various scenariositera-
tiv ely, demonstrating that the parametervaluesstay within the expectedcon nes
and collecting statistical data on these experimental runs|the same category
of valueswhich were gatheredto create the initial equation-basedmodel. Then,
statistical analysisis performed on this experimental data (box \D") to extract
summary statistics (box \E") and these are then compared with the statistics



derived from the original equation-basedmodel (box \F"). If the two analyses
agree,then the agert-based model has beenveri ed. The fact that we can per-
form this validation is the reasonthat the work described here hasbeenbasedon
an existing model. Doing this groundsour agen-basedmodel in reality (sincethe
model we ched it againstwasderived from censusdata), and givesus con dence
that the results we obtain that go beyond mere validation are reasonable.

3 A model of human capital

The model that we consider in this paper is drawn from a paper by Kremer
[6], an article that derivesa linear model of the changein human capital from
US censusdata, and analyzesthe aggregatebehavior of the model. The original
model was derived to identify the e ect of the tendency for human scocieties
to stratify by level of education|so-called human capital. The reasonthat the
model is important in our wider work on modeling aspects of the education
systemis that it provides a mechanism, derived from data and veri ed against
that data in [6], by which agerts choosea level of education to attain. It can
therefore act as a driver for the models we have previously developed [10,11].
The model from [6] givesthe level of human capital z;; +1 of members of the
t + 1th generation of the ith dynasty asbeing:
P !
Ziy + Zi(;)t + jn=1 Zjt

> n + it (1)

Zig+1 = Kea1 +

The notion of \dynasty" and \generation" that we use here are basedon the
de nitions in [6]. Each generation of the ith dynasty hastwo children, one male
and one female. Each is assumedto then becomethe spouseof an opposite sex
member of another dynasty, forming a family which in turn producesone male
and one female child. One family from a given generation of the ith dynasty
remains in the ith dynasty, and one becomespart of another dynasty (the dy-
nasty of the corresponding non-ith partner). Thus there is a constart number of
members of ead generation, and of ead dynasty at ead generation.
Breaking down the rather simple linear model from (1) we have:

Kis1 )

which is constart acrossdynasties, but may vary in time to capture exogenous
trends in education|for example legislation that requires a certain number of
yearsof additional schooling for givengenerations.This represerts the basiclevel
of education that ewvery individual has to undergo (\education" and \h uman
capital" are used more or lessinterchangeablyin this model). Kremer [6] gives
ki+1 = 6:815,and that constart value is what we adopt.

0
Ziy + Zjy

) ®



1. Establish level of z based on:
(@) Parents
(b) Neighbors of parents
2. Establish factors that influence z for children
(@) Spouse
(b) Neighbors
3. Generate children

Table 1. The basic agert lifecycle.

measuresthe e ect on the level of education of the t + 1th generation of the
education of its parents in the t-th generation. The e ect of the term is to assign
to ead child the averagehuman capital of its parents, modied by . Kremer
[6] computes a baselinevalue of to be approximately 0.39, basedon census
data. z;; is clearly the human capital of a member of the previous generation of
the ith dynasty, and zi?t is the spouseof z;; .
The next term: p ]
n
j=1 Zit
n

(4)

does something similar to (3) but basedupon the level of education of the par-
ents' neighbors rather than the level of education of the parents themsehes|
theseare the j in the summation. Kremer [6] measuresthe baselinevalue of
to be around 0.15.
The nal termin (1) is

it +1 (5)
which captures a speci ¢ \shock" to the human capital in a speci ¢ generation
of a specic dynasty|[for example the early death of a parent, requiring the
children to curtail their education (though this value can be positive as well as
negative). Once again we, follow [6] in picking it +1 from a normal distribution
with mean 0 and standard deviation 1:79.

4 Agent-based simulation

We have dewveloped an agert-based model that is basedon the equation-based
model given above. The agern-based model is concernedwith a xed number
of agerts, n in ead generation, with n=2 dynasties, and 2 children per family.
For simplicity, each family has one male child and one female child. The basic
simulation loop, which executesoncefor ead generation, hasthree stepsgivenin
Tablel. The result of Steplis xed by (1), and Step3is xed by the requiremert
to produce one male and onefemalechild in ead generation. Clearly the results
are going to depend on the way in which Step 2 is implemented, and our model
includes a number of variations.

The coreof [6] is to determine, or measure,the extent to which sorting (that
is the tendencyfor peopleto chooseboth spouseand neighborswith similar levels
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Fig. 2. The relationship between ps and correlation between spouse agerts' human
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Fig. 3. The relationship betweengs and correlation between neighbors human capital
values.

of human capital) a ects divergencein human capital betweengiven dynastiesas
generationsproceed.The agert-based model includes two medcanismsby which
this sorting can mimic these choices. Choice of spouseand choice of neighbor.
For choice of spouse,there are three modelsthat an agert can employ:

No sorting: Agents pick partners at random.

Sorting: An agert with human capital z attempts to pick a partner with
a human capital value in [0:9z; 1:1z]. If there are no such agens that are
unmarried, the original agert picks the eligible agernt with the highesthuman
capital.
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Fig. 4. The relationship betweenthe parental e ect and relative changein the stan-
dard deviation of the human capital distribution when sorting is increased

Max-matc hing: Agents pick astheir partner the agert with the closesthuman
capital value.

In our experiments we needto be able to manipulate the correlation between
married agernts' human capital values.We achieve this by setting the probability
ps that a given agert usesa sorting method to choosea spouse.If ps = 0, then,
all agerts will pick a partner at random. If ps = 1, then every agen will useone
of the sorting methods to pick a spouse.Figure 2 shaws how varying ps changes
the correlation between spousal human capital. As elsewherein this paper, the
error bars indicate one standard deviation above and below the mean value.
Here, and throughout the paper, the choice the agert makeswith ps is between
no sorting and max-matching.

Giventhat the modelin [6] is basedupon censusdata, and that this hasbuilt
into it a geographicnotion of neighborhood, that is the kind of neighborhood
used in the agert-based model?. Each dynasty has a unique location. Initial
positions for dynastiesare picked randomly, and asead generationgoesthrough
Step 2(a), the female child stays in the dynastic location, and the male child
\mo ves"to the position of the spouse.The dynastic location is allowedto change
betweengenerations,modeling \sorting" betweenneighborhoods. Again we have
three possibilities:

No sorting: Step 2(b) involvesno operation|dynasties do not move relative
to one another.

Sorting: Step 2(b) allows the families establishedin Step 2(a) to move to the
neighborhood with the highest human capital value that hasroom.

3 As opp osed, for example, to a \so cial neighborho od" based on the acquain tances of the parents,
whic h migh t not coincide with the geographical neighbors.



Sorting and Inequality
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Fig. 5. The relationship betweenthe parental e ect and the percertage change in
inequality.

Max-matc hing: Dynasties move to the neighborhood that has the human
capital value closestto the parental averageand hasroom.

The value of a neighborhood is the average value of the human capital of the
agerts located in that neighborhood.

Again, we cortrol the sorting e ect probabilistically, with ead dynasty hav-
ing a probability g5 of moving at a given generation. gs = 1 meansthat all
dynasties will move, and gs = 0 meansno dynasty will move. This probability,
just like ps, canbe usedto manipulate the correlation betweenthe human capital
of neighbors, and this relationship is plotted in Figure 3. For all the experiments
in this paper, s choosesbetweenno sorting and max-matching.

The impact of thesedi erent sorting policieswill clearly depend on the nature
of neighborhoods. We incorporated two typesof neighborhood in the model:

1. Mo ore neigh borho od: The neighborhood for ead dynasty is the set of
locations directly around that dynastylhence ead dynasty has its own
neighborhood, and these neighborhoods overlap.

2. Fixed neigh borho od: The whole areawe simulate is carved up into xed
neighborhoods, sose\eral dynastiessharethe sameneighborhood, and neigh-
borhoods do not overlap.

For the experiments described in this paper, we only used xed neighborhoods.
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Fig. 6. The relationship between ps, the probabilit y of agerts picking partners based
on capital value, and the percertage changein inequality.

5 Exp eriments

We implemented the model described in the previous section in repast [9],
a Java-based Swarm-like [13] tool developed at the University of Chicago for
agert-based modeling in social scienceapplications. We handled the geographic
aspects by placing agerts on an n n grid, where at most one dynasty \liv es"
in a single grid-square. By varying the size of the grid and number of agers
we can create environments of di ering population density and have modeled
communities of up to 10,000dynasties.

5.1 Verication

Having constructed an agert-based model of human capital from the equation-
based model in [6], we rst needto \complete the loop" (as in Figure 1) by
performing a statistical analysis of the results from the agert-based model, ob-
tained when using the parameter valuesassumedin the paper, to show that our
agert-based model will achieve the sameresults as the equation-basedmodel
we started with. This veri cation step is neededin order to justify the further
experimental results with the model.

The certral result of [6], and the only quartitativ e result from [6] that we
can useto ched the model against, is the prediction that increasing sorting|
which the paper takesto mean increasing the correlation betweenthe human
capital valuesof the parent agerts of a generation|will only causean increase
in inequality|whic h the paper takesto meanthat the standard deviation of the
human capital distribution grows generation by generation|when the value of

is large. [6] demonstratesthis by shawing the e ect of changing correlation
from 0.6 to 0.8 for various valuesof . This result can be establishedthough a
steady-state analysis of (1), and this is donein full detail in [6]. Sincethe latter



Inequality on Neighbor Matching
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Fig. 7. The relationship between gs, the probabilit y of agerts picking location based
on capital value, and the percertage changein inequality.

Inequality on Population Density
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Fig. 8. The relationship population density and the percertage changein inequality.

paper is basedon censusdata, we take this as the experimentally determined
truth against which we comparethe predictions of our agert-based model.

Our agernt-based model doesnot give us direct cortrol of the correlations, but
as we have already shown, we can, rather imprecisely, change the value of the
correlations by changingthe value of ps. Running experiments ona50 50grid|
which allows us to deal with a population that is considerably larger than the
1500individuals analyzedin [6]lw e nd that our model givesgood agreemei
with the predictions madein [6].

First, we plot the value of againstthe changein the standard deviation of
the human capital distribution (expressedasa fraction of the standard deviation)
causedby switching from ps = 0:75 (which is a correlation between parental
capital of 0.6) to ps = 0:88 (a correlation betweenparental capital of 0.8). This
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Fig. 10. The relationship betweenthe percertage of dynasties that change\class" and

gives us Figure 4, which shows that the increasein standard deviation of the
human capital distribution, and henceinequality, that is causedby increased
sorting doesn't start to grow until  exceeds).8. We can also plot the e ects in
terms of the percertage changein inequality (as de ned in [6]) rather than the
increasein standard deviation of the human capital distribution. For ps = 0:88,
we get the relationship between and inequality plotted in Figure 5.

To ched that this changein inequality was really due to the changein ,
and not due to someother parameterin the model, we examined how inequality
changeswhen we vary such parameters. Figures 6{8, for example, show that for

held at 0.39and held at 0.15, there is no signi cant changein inequality if
we changeps, ¢ and population density.
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Fig. 11. The relationship betweenthe percertage of dynasties that change\class" and
population density.

Note that the changesin inequality that we obsene due to changesin
hinge on the value of i +1, the term in (1) that doesnot depend on the capital
values of parents or neighbors. If we run our model with ;.1 setto zero for
all dynasties and all generations, then inequality does not grow. Indeed, the
standard deviation of the capital distribution falls over time until all agerts
have the mean value. This \seeding" e ect of .1 is another prediction that
can be made from the analysis of (1).

Togethertheseresults|where statistics that can be extracted from the orig-
inal, equation-based,model match against the predictions made by the agen-
based model[suggest that the agert-based model we have constructed ade-
quately replicates the essenceof the model it was designedto capture.

5.2 ldentifying new features

As we discussedabove, one of the advantages that agert-based models have
over equation-basedmodelsis that one can examinethe model in greater detail.
Whereas equation-basedmodels can only really be studied in terms of broad
statistical features|suc h asthe results from [6] examined above|w e can probe
agert-based modelsin considerabledetail, discovering what happensto individ-
uals aswell asto classeof individual. We have carried out such an investigation
into the human capital model.

The main result from [6], replicated by our agert-based model, is that on av-
erageinequality in terms of human capital grows over generations.The widening
standard deviation of the human capital distribution suggeststhat rich dynas-
ties get richer and poor dynasties get poorer. However true this may be at a
population level, it is interesting to ask whether it is true for all (or even most)
individual dynasties, or whether there is somemobility between dynasties with
di erent levels of human capital. It turns out that such mobility exists.
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Fig. 13. The relationship betweenthe percertage of dynasties that change\class" and
G, the probabilit y that a given dynasty choosesits location by human capital value.

We divided our dynasties up into three \classes"|the quotesreminding us
that this terminology, while corveniert, con ates human capital, basically years
of formal schooling, with monetary capital and social status. We call dynasties
that fall within onestandard deviation above or below the averagehuman capital
for the population middle class we call those more than one standard deviation
below averagepoor, and those more than one standard deviation above average
rich. We then examined whether dynasties moved between classes.

The results are given in Figures 9 and 10, which show the way that the num-
ber of dynastiesthat are mobile in this sensechangesfor two di erent valuesof

and |, respectively. When changes, is held constart and vice-versa.These
graphs show the total percertage of dynasties that move, and the percertage



that becomericher and poorer. They show that, no matter what the value of
and , there is somemobility (at least 25% of the population, and as much as
45% of the population changesclass). Furthermore this changeis symmetrical.

Note that this e ect is separatefrom the growing inequality|b ecausémid-
dle class" is always de ned in terms of the current standard deviation, if in-
equality was the only e ect, the percertage of dynasties changing classwould
be lower than the gure we nd. What we seehereis the result of mixing, that
is, individuals choosing partners or neighbors who are su cien tly far above or
below them in human capital terms that their o spring move from one classto
another.

We can follow up this investigation with a subsidiary one, cheking to see
whether additional factors have an e ect on the classmobility of dynasties. One
of the factors that we can imagine having an impact on the results we obtain
in the model is the density of the agert population. In terms of the model,
population density relatesto the number of agerts that are placed on the grid.
Since the neighbor e ect is based upon a geographic notion of neighborhood,
and since neighbors certainly have an e ect on classmobility, for example (as
shown in Figure 10), then one might imagine that changing the density of the
population might have somee ect on class mobility as well. However, this is
not the case.As Figure 11 shows, population density has no systematic e ect
on classmobility. Carrying out similar investigationsfor the e ects of ps and ¢,
Figures12and 13respectively, again shaov no systematice ect on classmobility.

6 Summary

This paper setout to construct an agert-basedmodel from a traditional, equation-
based,model, and to show that (i) this model could be veri ed againstthe pre-
dictions make by the equation-basedmodel; and this model could identify new
predictions that could not be obtained directly from the equation-basedmodel.
Both theseaims have beenachieved.

This work ts into our wider e ort to model aspects of the education system
[10,11], with the overall aim of being able to establishthe impact of, changesin
education policy (rather as[1] doesfor the caseof rent cortrol). As describedin
[11], we have developed a number of models, including a model of interactions in
classraoms [10]|whic h, for example, shows the e ects of di erent pedagogical
techniques to overcome abserieeismland a model of school districts|whic h,
for example, shaws the e ect of policieslike \No child left behind". Our current
work is to tie these models together, and, more ambitiously, to tie them into a
comprehensie simulation of the way that education ts into the econony. This
latter can be done, for example, by using the model in [7], a model that relates
education and studert ability with their lifetime productivit y.
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