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A
b

stract

W
e have used the m

etaphor of ant colonies to define "the A
nt system

", a class of distributed
a

lg
o

rith
m

s fo
r co

m
b

in
a

to
ria

l o
p

tim
iza

tio
n

. T
o

 te
st th

e
 A

n
t syste

m
 w

e
 u

se
d

 th
e

 tra
ve

llin
g

salesm
an problem

. In this paper w
e analyze som

e properties of A
nt-cycle, the up to now

 best
p

e
rfo

rm
in

g
 o

f th
e

 a
n

t a
lg

o
rith

m
s w

e
 h

a
ve

 te
ste

d
. W

e
 re

p
o

rt m
a

n
y re

su
lts re

g
a

rd
in

g
 its

perform
ance w

hen varying the values of control param
eters and w

e com
pare it w

ith som
e T

S
P

specialized algorithm
s.

1. 
In

trod
u

ction

M
o

st o
f th

e
 w

o
rk d

o
n

e
 in

 th
e

 d
istrib

u
te

d
 syste

m
s re

se
a

rch
 a

re
a

 is ju
stifie

d
 b

y th
e

 ra
p

id
grow

th of im
portance of parallel com

puters. T
he interest of distributing an activity over several

interacting but not centrally controlled agents is how
ever tw

ofold and regards both the quality
o

f th
e

 so
lu

tio
n

s o
b

ta
in

e
d

 a
n

d
 th

e
 sp

e
e

d
 o

f th
e

ir o
b

ta
in

e
m

e
n

t. In
 fa

ct, th
e

 u
n

d
e

rlyin
g

 ra
tio

n
a

le
for parallelizing an algorithm

 or for distributing it on a set of com
m

unicating com
puters is the

hope to increase its speed of execution. T
his can be done only to a lim

ited extent: at m
ost, the

use of a parallel com
puter can cut dow

n the com
putational tim

e by a factor that is linear w
ith the

n
u

m
b

e
r o

f p
ro

ce
sso

rs. 

T
he raw

 pow
er of parallel hardw

are is best exploited by algorithm
s specifically designed for

d
istrib

u
tio

n
, w

h
e

re
 sim

p
le

 a
ctivitie

s ca
n

 b
e

 p
e

rfo
rm

e
d

 in
 p

a
ra

lle
l (th

u
s a

ssig
n

e
d

 to
 d

iffe
re

n
t

p
ro

ce
sso

rs) w
ith

 ra
re

 lo
ca

l co
-o

rd
in

a
tin

g
 p

h
a

se
s, w

h
ich

 d
o

 n
o

t a
cco

u
n

t fo
r sig

n
ifica

n
t

com
putational load. In this case, superlinear speedups have been reported [5].

In
 th

is p
a

p
e

r w
e

 a
re

 in
te

re
ste

d
 in

 th
is se

co
n

d
 p

ro
p

e
rty o

f d
istrib

u
te

d
 syste

m
s, w

ith
 sp

e
cia

l
regard to the em

ergence of global properties from
 the interaction of m

any sim
ple agents. T

he
co

m
p

u
ta

tio
n

s ca
rrie

d
 o

u
t b

y th
e

se
 sim

p
le

 a
g

e
n

ts ca
n

 e
ffe

ctive
ly b

e
 e

xe
cu

te
d

 o
n

 p
a

ra
lle

l
h

a
rd

w
a

re
, fo

r in
sta

n
ce

 b
y a

 tra
n

sp
u

te
r m

a
ch

in
e

 o
r b

y th
e

 sim
p

le
 p

ro
ce

sso
rs o

f a
 m

a
ssive

ly
parallel com

puter such as the C
onnection M

achine.

In our w
ork w

e call ant each sim
ple agent and the distributed system

 (called A
nt system

, see
[6

]) is a
 se

t o
f a

n
ts co

o
p

e
ra

tin
g

 in
 a

 co
m

m
o

n
 p

ro
b

le
m

 so
lvin

g
 a

ctivity. A
 first re

su
lt o

f o
u

r
research is that the interaction of these ants generates synergetic effects. In fact, the quality of
th

e
 so

lu
tio

n
 o

b
ta

in
e

d
 in

cre
a

se
s w

h
e

n
 th

e
 n

u
m

b
e

r o
f a

n
ts w

o
rkin

g
 o

n
 th

e
 p

ro
b

le
m

 in
cre

a
se

s
(u

n
til a

n
 u

p
p

e
r lim

it is re
a

ch
e

d
) m

o
re

 th
a

n
 th

e
 co

rre
sp

o
n

d
in

g
 q

u
a

lity o
b

ta
in

e
d

 w
ith

 th
e

 sa
m

e
num

ber of non-com
m

unicating ants..

T
h

e
 p

ro
b

le
m

 w
e

 u
se

d
 to

 te
st o

u
r syste

m
 is th

e
 w

e
ll kn

o
w

n
 T

ra
ve

llin
g

 S
a

le
sm

a
n

 P
ro

b
le

m
(T

S
P

) o
fte

n
 u

se
d

 a
s a

 b
e

n
ch

m
a

rk fo
r n

e
w

 g
e

n
e

ra
l p

u
rp

o
u

se
 h

e
u

ristics [1
], [1

4
], [1

7
]. In

 th
is

paper w
e are interested in the com

parison of our heuristics w
ith other ones, and not directly in

proposing – at least at this stage of our research – a m
ore efficient approach to the solution of
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T
S

P
 (w

h
ich

 in
 fa

ct h
a

s b
e

e
n

 so
lve

d
 o

p
tim

a
lly fo

r p
ro

b
le

m
s o

f m
u

ch
 h

ig
h

e
r o

rd
e

r th
a

n
 th

o
se

presented here).

In this paper w
e study A

nt-cycle, a particular instance of the algorithm
s belonging to the A

nt
syste

m
 cla

ss (o
th

e
r in

sta
n

ce
s w

e
re

 p
ro

p
o

se
d

 in
 [7

]). A
n

t-cycle
, a

s a
ll th

e
 a

n
t a

lg
o

rith
m

s, is
com

posed by a set of sim
ple agents, ants, that cooperate to find a m

inim
al tour.

In A
nt-cycle every ant changes the system

 shared m
em

ory using a quantity (called 
trail) that

is proportional to its global behavior. T
his m

akes A
nt-cycle superior to other instances of ant

a
lg

o
rith

m
s (like

 A
n

t-d
e

n
sity a

n
d

 A
n

t-q
u

a
n

tity p
re

se
n

te
d

 in
 [7

]) th
a

t u
se

 strictly lo
ca

l
inform

ation.

T
he properties of A

nt-cycle that w
e repoert about are: the optim

al param
eters settings, how

m
any ants to use to solve a given problem

 and how
 m

any cycles are required to find an optim
al

solution. M
oreover, w

e com
pare A

nt-cycle w
ith som

e other specialized heuristics.

T
h

e
 p

a
p

e
r is o

rg
a

n
ize

d
 a

s fo
llo

w
s: se

ctio
n

 2
 co

n
ta

in
s a

 b
rie

f d
e

scrip
tio

n
 o

f th
e

 A
n

t syste
m

and of the A
nt-cycle algorithm

 as it is currently im
plem

ented, together w
ith the definition of the

a
p

p
lica

tio
n

 p
ro

b
le

m
 (a

s th
e

 a
lg

o
rith

m
 stru

ctu
re

 p
a

rtia
lly re

fle
cts th

e
 p

ro
b

le
m

 stru
ctu

re
, w

e
in

tro
d

u
ce

 th
e

m
 to

g
e

th
e

r). S
e

ctio
n

 3
 re

p
o

rts d
iffu

se
ly o

n
 e

xp
e

rim
e

n
ts ru

n
 u

sin
g

 th
e

 a
lg

o
rith

m
previously introduced. In section 4 w

e conclude discussing results obtained and som
e related

w
ork. W

e also give som
e hints about further research directions.

2. T
h

e A
n

t system

In this section w
e briefly sum

m
arize the m

ain characteristics of the A
nt system

 [6]. W
e first

define the T
S

P
 problem

.

IN
S

T
A

N
C

E
: C

onsider a sequence of n tow
ns c
1 , c2 , ..., cn , and for each pair (ci , cj ) a distance

d
(c

i , cj ).

Q
U

E
S

T
IO

N
: F

ind a perm
utation 

π of tow
ns the m

inim
izes the quantity

d
(cπ

(i) ,cπ
(i+

1
) )

∑i=
1

n
-1

 +
 d

(cπ
(n

) ,cπ
(1

) )

Let bi (t) (i=
1, ..., n) be the num

ber of ants in tow
n i

 at tim
e t and let m =

 
b

i (t)
∑i=

1 n

 be the total

num
ber of ants (m

 doesn't depend on t).

In A
nt-cycle an ant is an agent that:

•
in the tim

e interval betw
een t and t+

1 m
oves from

 tow
n i to tow

n j; the tow
n j to go to is

chosen w
ith a probability that is a function of the distance 

d
(c

i , cj ) and of the am
ount of

trail present on the connecting edge;

•
visits o

n
ly to

w
n

s th
a

t w
e

re
 n

o
t visite

d
 b

y it in
 th

e
 p

re
ce

e
d

in
g

 ste
p

s; th
is p

ro
p

e
rty,

im
p

le
m

e
n

te
d

 to
 fo

rce
 a

n
ts to

 m
a

ke
 le

g
a

l to
u

rs, h
o

ld
s u

n
til a

 to
u

r is co
m

p
le

te
d

; th
e

n
 th

e
"ant m

em
ory" is reset and the ant is free again;

•
a

fte
r a

 to
u

r (i.e
., a

fte
r it h

a
s visite

d
 a

ll th
e

 to
w

n
s) la

ys a
 su

b
sta

n
ce

, ca
lle

d
 

trail, o
n

 e
a

ch
edge (i,j) visited.
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Let τij (t) be the intensity of trail on edge (i,j) at tim
e t. A

fter each ant has com
pleted a tour

1,
trail intensity becom

es

τij (t+
n

)=ρ
.τij (t)+∆τij (t,t+

n
)

(1)

w
here

ρ is a coefficient such that (1 - 
ρ) represents the evaporation of trail,

∆τ
ij (t,t+

n
) =

 
∆

τ
ij k(t,t+

n
)

∑k=
1

m

∆
τ

ij k(t,t+
n

)  is the quantity per unit of length of trail substance (pherom
one in real ants) laid on

edge (i,j) by the k-th ant betw
een tim

e t and t+
n and is given by the follow

ing form
ula

∆
τ

ij k(t,t+
n

)=

QL
k     if k-th ant uses edge (i,j) in its tour

0       otherw
ise

w
here Q

 is a constant and L
k is the tour length of the k-th ant..

 T
h

e
 co

e
fficie

n
t ρ m

u
st b

e
 se

t to
 a

 va
lu

e
 <

1
 to

 a
vo

id
 u

n
lim

ite
d

 a
ccu

m
u

la
tio

n
 o

f tra
il. T

h
e

intensity of trail at tim
e 0, τij (0), should be set to arbitrarily chosen values (in our experim

ents
the sam

e sm
all value is chosen for every edge (i,j)).

A
 data structure, called 

tabu list 2, is associated to each ant in order to avoid that ants visit a
tow

n m
ore than once: in the 

tabu list are m
em

orized the tow
ns already visited up to tim

e t and
a

n
ts a

re
 fo

rb
id

d
e

n
 to

 visit th
e

m
 a

g
a

in
 b

e
fo

re
 th

e
y h

a
ve

 co
m

p
le

te
d

 a
 to

u
r. W

h
e

n
 a

 to
u

r is
co

m
p

le
te

d
 th

e
 ta

b
u

 list
 is e

m
p

tie
d

 a
n

d
 e

ve
ry a

n
t is fre

e
 a

g
a

in
 to

 ch
o

o
se

 its w
a

y. W
e

 d
e

fin
e

tabu
k a vector containing the tabu list of the k-th ant, and 

tabu
k (s) the s-th elem

ent of the tabu
list  of the k-th ant (i.e., the s-th tow

n visited by ant k in the current tour).

W
e

 ca
ll visibility η

ij  th
e

 q
u

a
n

tity 1
/dij , a

n
d

 d
e

fin
e

 th
e

 tra
n

sitio
n

 p
ro

b
a

b
ility fro

m
 to

w
n

 i
 to

tow
n j for the k-th ant as

p
ij (t) =

      
 

[τ
ij (t)] α⋅[η

ij ] β

[τ
ij (t)] α

∑
j∈

a
llo

w
ed

⋅[η
ij ] β

if j∈
a

llo
w

ed 

 0
                       o

th
e

rw
is

e

 (2)

w
h

e
re

 allow
ed

 =
 {j: j

tabu
k } a

n
d

 w
h

e
re

 α and β
 a

re
 p

a
ra

m
e

te
rs th

a
t a

llo
w

 a
 u

se
r to

 co
n

tro
l

the relative im
portance of trail versus visibility. T

herefore the transition probability is a trade-
o

ff b
e

tw
e

e
n

 visib
ility (w

h
ich

 sa
ys th

a
t clo

se
 to

w
n

s sh
o

u
ld

 b
e

 ch
o

se
n

 w
ith

 h
ig

h
 p

ro
b

a
b

ility,

1 A
 to

u
r is co

m
p

le
te

d
 in

 n
 tim

e
 in

te
rva

ls.
2 E

ve
n

 th
o

u
g

h
 th

e
 n

a
m

e
 ch

o
se

n
 re

ca
lls ta

b
u

 se
a

rch
, p

ro
p

o
se

d
 in

 [«
@

G
lo

ve
r8

9
»

] a
n

d
 [«

@
G

lo
ve

r9
0

»
], th

e
re

 a
re

substantial differences betw
een our approach and tabu search algorithm

s. W
e m

ention here: (i) the absence of any
a

sp
ira

tio
n

 fu
n

ctio
n

, (ii) th
e

 d
iffe

re
n

ce
 o

f th
e

 e
le

m
e

n
ts re

co
rd

e
d

 in
 th

e
 ta

b
u

 list, p
e

rm
u

ta
tio

n
s in

 th
e

 ca
se

 o
f ta

b
u

search, nodes in our case (our algorithm
s are constructive heuristics, w

hich is not the case of tabu search).
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th
u

s im
p

le
m

e
n

tin
g

 a
 g

re
e

d
y co

n
stru

ctive
 h

e
u

ristics) a
n

d
 tra

il in
te

n
sity (w

h
ich

 sa
ys th

a
t if o

n
edge (i,j) there has been a lot of traffic then it is highly desirable).

T
he A

nt-cycle algorithm
 is then

T
h

e 
A

n
t-cycle 

algorith
m

1
Initialize:

S
et t:=

0
{t is the tim

e counter}

F
or every edge (i,j) set an initial value τij (t) and set ∆τij (t,t+n):= 0

P
lace bi (t) ants on every node i

{bi (t) is the num
ber of ants on node i at tim

e t}

S
et s:=

1
{s is the tabu list index}

F
or i:=

1 to n do
F

or k:=
1 to bi (t) do

tab
u

k (s):=
i

{starting tow
n is the first elem

ent of the tabu list of the k-th ant}

2
R

epeat until tabu list is full 
{this step w

ill be repeated (n-1) tim
es}

2
.0

S
et s:=

s+
1

2
.1

F
or i:=1 to n do 

{for every tow
n}

F
or k:=1 to bi (t) do 

{for every k-th ant on tow
n i still not m

oved}

C
hoose the tow

n j to m
ove to, w

ith probability pij (t) given by equation (2)

M
ove the k-th ant to j

{this instruction creates the new
 values bj (t+

1)}

Insert node j in tab
u

k (s)

3
F

or k:=1 to m
 do

{for every ant}

C
om

pute L k 
{it results from

 the tabu list}

F
or s:=

1 to n-1 do
{scan the tabu list of the k-th ant}

S
et (h,l):=

(tab
u

k (s),tab
u

k (s+
1)) 

{(h,l) is the edge connecting tow
n s and s+

1 in the tabu list of ant k}

∆τhl (t+
n):=∆τhl (t+

n) +
 QL

k

4
F

or every edge (i,j) com
pute τij (t+

n) according to equation (1)
S

et t:=
t+

n
F

or every edge (i,j) set ∆τij (t,t+
n):=

0

5
M

em
orize the shortest tour found up to now

If (N
C

 < N
C

M
A

X
) or (not all the ants choose the sam

e tour) 
{N

C
 is the num

ber of algorithm
 cycles; 

  in N
C

 cycles are tested N
C

·m
 tours}

th
e

nE
m

pty all tabu lists
S

et s:=
1

F
or i:=1 to n do 
F

or k:=
1 to bi (t) do

tab
u

k (s):=
i

{after a tour the k-th ant is again in the initial position}
G

oto step 2
e

lseP
rint shortest tour and S

top

T
he com

plexity of the A
nt-cycle algorithm

 is 
Ο

(N
C

.n
2.m

) if w
e stop the algorithm

 after N
C

cycles. In fact w
e have that:

S
tep 1 is Ο(n

2+
m

)
S

tep 2 is Ο(n
2.m

)
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S
tep 3 is Ο(n .m

)
S

tep 4 is Ο(n
2)

S
tep 5 is Ο(n .m

)

3. E
xp

erim
en

tal testin
g

W
e

 
im

p
le

m
e

n
te

d
 

th
e

 
a

lg
o

rith
m

 
a

n
d

 
in

ve
stig

a
te

d
 

its 
stre

n
g

th
s 

a
n

d
 

w
e

a
kn

e
sse

s 
b

y
e

xp
e

rim
e

n
ta

tio
n

: w
e

 ra
n

 se
ve

ra
l sim

u
la

tio
n

s to
 co

lle
ct sta

tistica
l d

a
ta

 fo
r th

is p
u

rp
o

se
. T

h
e

se
results are described in the next subsections, together w

ith a brief com
parison w

ith alternative
heuristics for the TS

P.

3.1 B
est values of the param

eters of the algorithm

T
he param

eters considered here are those that affect directly or indirectly
3 the com

putation of
the probability in form

ula (2): α, β, ρ. T
he num

ber m
 of ants has alw

ays been set equal to the
num

ber n of cities. W
e tested several values for each param

eter, all the other being constant (the
d

e
fa

u
lt va

lu
e

 o
f th

e
 p

a
ra

m
e

te
rs w

a
s 

α
=

1
, β

=
1

, ρ
=

0
.7

; in
 e

a
ch

 e
xp

e
rim

e
n

t o
n

ly o
n

e
 o

f th
e

va
lu

e
s w

a
s ch

a
n

g
e

d
). T

h
e

 va
lu

e
s te

ste
d

 w
e

re
: 

α∈
{0, 0.5, 1, 2}, β∈

{0.5, 1, 2, 5, 10, 20} a
n

d
ρ∈

{0.3, 0.5, 0.7, 0.9}. P
re

lim
in

a
ry re

su
lts, o

b
ta

in
e

d
 o

n
 sm

a
ll sca

le
 p

ro
b

le
m

s, h
a

ve
 b

e
e

n
p

re
se

n
te

d
 in

 [7
] a

n
d

 [6
]; th

e
 te

sts re
p

o
rte

d
 h

e
re

 a
re

 b
a

se
d

, w
h

e
re

 n
o

t o
th

e
rw

ise
 sta

te
d

, o
n

 th
e

O
liver30 problem

, a 30-cities problem
 described for exam

ple in [23], for w
hich a tour of length

4
2

4
.6

3
5

 w
a

s fo
u

n
d

 u
sin

g
 g

e
n

e
tic a

lg
o

rith
m

s. T
h

e
 sa

m
e

 re
su

lt is a
lso

 o
fte

n
 o

b
ta

in
e

d
 b

y A
n

t-
cycle

, w
h

ich
 ca

n
 a

lso
 yie

ld
 b

e
tte

r o
u

tco
m

e
s. In

 o
rd

e
r to

 a
llo

w
 th

e
 co

m
p

a
riso

n
 w

ith
 o

th
e

r
approaches the tour lengths have been com

puted both as real num
bers and as integers. (In this

case distances betw
een tow

ns are integer num
bers and are com

puted according to the standard
code proposed in [21].) A

ll the tests have been carried out for N
C

M
A

X
 =

 5000 cycles and w
ere

averaged over 10 trials.

B
e

sid
e

 th
e

 to
u

r le
n

g
th

, w
e

 w
e

re
 in

te
re

ste
d

 a
lso

 in
 in

ve
stig

a
tin

g
 th

e
 

uni-path behavior, i.e
.,

the situation in w
hich all the ants m

ake the sam
e tour: this w

ould indicate that the system
 has

ce
a

se
d

 to
 e

xp
lo

re
 n

e
w

 p
o

ssib
ilitie

s a
n

d
 th

e
re

fo
re

 th
e

 b
e

st to
u

r a
ch

ie
ve

d
 so

 fa
r w

ill n
o

t b
e

im
p

ro
ve

d
 a

n
y m

o
re

. W
ith

 so
m

e
 p

a
ra

m
e

te
rs se

ttin
g

s in
 fa

ct w
e

 o
b

se
rve

d
 th

a
t, a

fte
r se

ve
ra

l
cycles, all the ants follow

ed the sam
e tour despite the stochastic nature of the algorithm

s: this
w

a
s d

u
e

 to
 a

 m
u

ch
 h

ig
h

e
r tra

il le
ve

l o
n

 th
e

 e
d

g
e

s co
m

p
o

sin
g

 th
a

t to
u

r th
a

n
 o

n
 a

ll th
e

 o
th

e
rs.

T
his high trail level m

akes the probability that an ant chooses an edge not belonging to the tour
ve

ry lo
w

.

T
h

e
 a

ve
ra

g
e

 o
f 1

0
 tria

ls o
b

ta
in

e
d

 te
stin

g
 d

iffe
re

n
t va

lu
e

s o
f 

α
, β

 a
n

d
 ρ

 a
re

 re
sp

e
ctive

ly
p

re
se

n
te

d
 in

 F
ig

s. 1
, 2

 a
n

d
 3

. T
h

e
 o

b
ta

in
e

d
 re

su
lts sh

o
w

 th
a

t 
α

 p
re

se
n

ts a
n

 o
p

tim
a

l ra
n

g
e

around 1, β betw
een 1 and 5 and ρ around 0.5.

A
n

t-cycle
 e

n
te

rs th
e

 u
n

i-p
a

th
 b

e
h

a
vio

r o
n

ly fo
r 

α
≥

2
; in

 a
ll th

e
 o

th
e

r ca
se

s w
e

 a
lw

a
ys

observed an ongoing exploration of different alternatives, even after m
ore than 

Ν
C

M
A

X
=

5
0

0
0

cycles.

T
h

e
 a

lg
o

rith
m

 m
a

in
ly u

se
s th

e
 g

re
e

d
y h

e
u

ristic to
 g

u
id

e
 se

a
rch

 in
 th

e
 e

a
rly sta

g
e

s o
f

com
putation, but as com

putation runs it can start exploiting the global inform
ation contained in

the values τij of trail. T
his explains the value 

ρ=
0.5: the algorithm

 needs to have the possibility
to forget part of the experience gained in the past in order to better exploit new

 incom
ing global

inform
ation.

3 E
xperim

ents have show
n that quantity Q

 doesn't influence the algorithm
 perform

ance.
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α

V
alues of alpha

Average tour length

0

1
0

0

2
0

0

3
0

0

4
0

0

5
0

0

6
0

0

7
0

0

0
0

.5
1

2

651.2

533.5

427.4
456.1

F
ig

.1
  -

A
verage tour length w

ith increasing values of alpha

V
alues of beta

Average tour length

4
1

0

4
2

0

4
3

0

4
4

0

4
5

0

4
6

0

0 .5

1

2

5

1 0

2 0

β

452.6

427.4
424.6

424.2
428.3

438.9

0.5
1

2
5

10
20

F
ig

.2
  -

A
verage tour length w

ith increasing values of beta

V
alues of ro

Average tour length

4
2

6

4
2

6
.5

4
2

7

4
2

7
.5

4
2

8

4
2

8
.5

0
.3

0
.5

0
.7

0
.9

ρ

427.8

426.9

427.4

428.3

F
ig

.3
  -

A
verage tour length w

ith increasing values of ro

T
he m

ajor strengths of the A
nt-cycle algorithm

 can be sum
m

arized in the follow
ing points:

•
w

ith the best param
eter values the algorithm

 alw
ays finds a very good solution, m

ost of the
tim

es one that is better than the best one found using genetic algorithm
s;

•
th

e
 a

lg
o

rith
m

 fin
d

s g
o

o
d

 so
lu

tio
n

s ve
ry q

u
ickly; n

e
ve

rth
e

le
ss it d

o
e

sn
't e

n
te

r th
e

 u
n

i-p
a

th
behavior (in w

hich all ants choose the best found tour), viz. the ants continue to search for
new

 possibly better tours;
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•
w

e tested the A
nt-cycle algorithm

 on problem
s w

ith increasing dim
ensions and w

e found the
se

n
sitivity o

f th
e

 p
a

ra
m

e
te

rs o
p

tim
a

l va
lu

e
s to

 th
e

 p
ro

b
le

m
 d

im
e

n
sio

n
 to

 b
e

 ve
ry lo

w
.

S
pecifically, w

e let the algorithm
 run on the E

ilon50 (see F
ig.4) and E

ilon75 problem
s [11]

o
n

 a
 lim

ite
d

 n
u

m
b

e
r o

f ru
n

s a
n

d
 w

ith
 th

e
 n

u
m

b
e

r o
f cycle

s co
n

stra
in

e
d

 to
 N

C
M

A
X

=
3

0
0

0
.

U
n

d
e

r th
e

se
 re

strictio
n

s w
e

 n
e

ve
r g

o
t th

e
 b

e
st-kn

o
w

n
 re

su
lt, b

u
t a

 q
u

ick co
n

ve
rg

e
n

ce
 to

satisfying solutions w
as m

aintained for both the problem
s.

300

400

500

600

C
ycles

0
1000

500
1500

Best tour length

429.530

F
ig

.4
  -

T
he algorithm

 quickly finds very good values for the E
ilon50 problem

. In this figure cycles correspond
to

 co
m

p
le

te
 to

u
rs.

3.2 B
est values of the param

eters of the system

A
 se

t o
f e

xp
e

rim
e

n
ts w

a
s ru

n
, in

 o
rd

e
r to

 a
sse

ss th
e

 im
p

a
ct o

f th
e

 n
u

m
b

e
r o

f a
n

ts o
n

 th
e

efficiency of the solving process. In this case, the test problem
 involved finding a tour in a 5x5

grid of evenly spaced points: this is a problem
 w

ith a priori know
n optim

al solution (254.14 if
w

e put to 10 the edge length, see F
ig.5).

——

10

F
ig

.5
 - A

n
 o

p
tim

a
l so

lu
tio

n
 fo

r th
e

 5
x5

 g
rid

 p
ro

b
le

m

In
 th

is ca
se

 w
e

 d
e

te
rm

in
e

d
 th

e
 a

ve
ra

g
e

 n
u

m
b

e
r o

f cycle
s n

e
e

d
e

d
 in

 e
a

ch
 co

n
fig

u
ra

tio
n

 to
reach the optim

um
, if the optim

um
 could be reached w

ithin 2000 cycles. T
he results are show

n
in

 F
ig

.6
: o

n
 th

e
 a

b
scissa

 th
e

re
 is th

e
 to

ta
l n

u
m

b
e

r o
f a

n
ts u

se
d

 in
 e

a
ch

 se
t o

f ru
n

s, o
n

 th
e

ordinate the so called 
one-ant cycles, i.e., the num

ber of cycles required to reach the optim
um

,
m

u
ltip

lie
d

 b
y th

e
 n

u
m

b
e

r o
f a

n
ts u

se
d

 (in
 o

rd
e

r to
 e

va
lu

a
te

 th
e

 e
fficie

n
cy p

e
r a

n
t, h

e
n

ce
 th

e
nam

e, and to have com
parable data). T

he algorithm
 has been able to identify the optim

um
 w

ith
any num

ber m
 ≥ 6 of ants. It is interesting to note that:

•
there is a synergetic effect in using m

ore ants, up to an optim
ality point given by n=

m
; the

existence of this optim
ality point is due to a tradeoff betw

een the increased efficiency and the
com

putational load caused by the m
anagem

ent of progressively m
ore ants. T

his causes the
o

ve
ra

ll e
fficie

n
cy, m

e
a

su
re

d
 in

 o
n

e
-a

n
t cycle

s, to
 d

e
cre

a
se

 w
h

e
n

 th
e

 n
u

m
b

e
r o

f a
n

ts
increases beneath the optim

ality point;
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•
te

sts o
n

 a
 se

t o
f r x r g

rid
 p

ro
b

le
m

s (r =
 4

, 5
, 6

, 7
, 8

) h
a

ve
 sh

o
w

n
 th

a
t th

e
 o

p
tim

a
l n

u
m

b
e

r
of ants is close to the num

ber of cities (n
≈m

): this property, com
bined w

ith the assessm
ent

o
f th

e
 co

m
p

u
ta

tio
n

a
l co

m
p

le
xity d

e
ve

lo
p

e
d

 in
 se

ctio
n

 2
, tra

n
sfo

rm
s th

e
 co

m
p

le
xity o

f th
e

algorithm
 used in our experim

ents from
 O

(N
C

.n
2m

) into O
(N

C .n
3).

Number of one-ant cycles

0

200

400

600

800

1000

1200

5 
15 

25 
35 

45 
m

340

F
ig.6 - N

um
ber of one-ant cycles required to reach optim

um
 as a function of the total num

ber m
 of ants, for the

5x5 grid problem

A
 se

co
n

d
 se

t o
f te

sts h
a

s b
e

e
n

 ca
rrie

d
 o

u
t w

ith
 2

5
 citie

s ra
n

d
o

m
ly d

istrib
u

te
d

 (2
5

 citie
s

random
 graph). A

gain w
e found that the optim

al perform
ance w

as reached w
ith 15

÷25 ants, a
num

ber of ants com
parable w

ith the dim
ension (m

easured in num
ber of cities) of the problem

to be solved.

W
e tested w

hether there is any difference betw
een the case in w

hich all ants at tim
e t=

0 are in
the sam

e city and the case in w
hich they are 

uniform
ly distributed 4. W

e used A
nt-cycle applied

to
 th

e
 2

5
 citie

s ra
n

d
o

m
 g

ra
p

h
 a

n
d

 th
e

 5
x5

 g
rid

 p
re

vio
u

sly d
e

scrib
e

d
, a

n
d

 to
 th

e
 O

live
r3

0
problem

. In all cases uniform
ly distributing ants resulted in better perform

ance.

In
 th

e
 ca

se
 o

f th
e

 2
5

 citie
s ra

n
d

o
m

 g
ra

p
h

, w
e

 ru
n

 2
5

 e
xp

e
rim

e
n

ts (e
a

ch
 o

n
e

 re
p

e
a

te
d

 five
tim

e
s) in

 w
h

ich
 a

ll th
e

 a
n

ts w
e

re
 p

o
sitio

n
e

d
, a

t tim
e

 t=
0

, o
n

 th
e

 sa
m

e
 city (in

 th
e

 first
experim

ent all ants w
ere on tow

n 1, in the second on tow
n 2, and so on). W

e obtained that in
all the cases the ants w

ere able to identify the optim
um

, but they needed less cycles in the case
of uniform

ly distributed ants.
A

lso
 in

 th
e

 ca
se

 o
f th

e
 5

x5
 g

rid
 p

ro
b

le
m

 e
xp

e
rim

e
n

ts sh
o

w
e

d
 th

a
t th

e
 n

u
m

b
e

r o
f cycle

s
needed to identify the optim

um
 w

as low
er in case of uniform

ly distributed ants.

In the case of the O
liver30 problem

 w
ith 30 ants starting from

 the sam
e city (runs w

ere done
u

sin
g

 o
p

tim
a

l p
a

ra
m

e
te

rs va
lu

e
s), w

e
 n

o
tice

d
 th

a
t th

e
 a

n
ts w

e
re

 n
e

ve
r a

b
le

 to
 id

e
n

tify th
e

4 W
e

 sa
y a

n
ts a

re
 u

n
ifo

rm
ly d

istrib
u

te
d

 if th
e

re
 is, a

t sta
rtin

g
 p

o
in

t, th
e

 sa
m

e
 in

te
g

e
r n

u
m

b
e

r o
f a

n
ts o

n
 e

ve
ry

to
w

n
 (th

is e
xclu

d
e

s th
e

 p
o

ssib
ility to

 h
a

ve
 m

 w
h

ich
 is n

o
t a

 m
u

ltip
le

 o
f n

).
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optim
um

 (average value of the best tour found: 438.43), and that after som
e hundreds of cycles

all the ants follow
ed one of a very sm

all set of tours.

W
e

 a
lso

 te
ste

d
 w

h
e

th
e

r a
n

 in
itia

l u
n

ifo
rm

 d
istrib

u
tio

n
 o

f th
e

 a
n

ts o
ve

r th
e

 citie
s p

e
rfo

rm
e

d
b

e
tte

r th
a

n
 a

 ra
n

d
o

m
 o

n
e

; re
su

lts sh
o

w
 th

a
t th

e
re

 is little
 d

iffe
re

n
ce

 b
e

tw
e

e
n

 th
e

 tw
o

 ch
o

ice
s,

even though the random
 distribution obtained slightly better results.

3.3 P
ractical com

plexity

T
h

e
 a

lg
o

rith
m

 co
m

p
le

xity p
re

se
n

te
d

 in
 se

ctio
n

s 2
 a

n
d

 3
.2

, O
(N

C
⋅n

3), d
o

e
sn

't sa
y a

n
yth

in
g

about the actual tim
e required to reach the optim

um
. R

esults are reported in T
able I for the case

of sim
ilar problem

s w
ith increasing dim

ensions (r x r grids w
ith the edge length set to 10 as in

F
ig.5). It is interesting to note that, up to problem

s w
ith 64 cities,  A

nt-cycle alw
ays found the

optim
al solution.  M

oreover both the num
ber of cycles required to find it and the com

putational
tim

e actually used grow
 m

ore slow
ly than the dim

ension of the search space, suggesting again
that the algorithm

 uses a very effective search strategy.

T
able I - T

im
e required to find optim

um
 as a function of problem

 dim
ension

P
roblem

(n=
r x r)

n
3

B
est

solution
R

elative 5
dim

ension of
search space

A
verage num

ber
of cycles to find

optim
um

T
im

e required to
find optim

um
6

(seconds)
4 x 4

4096
160

1
5

.6
8 

 10
5 x 5

15625
2

5
4

.1
≈

 1
0

1
1

1
3

.6
75 

 10 2

6 x 6
46656

360
≈ 10 28

60
1020 

 10 3

7 x 7
117649

4
9

4
.1

≈ 10 4
9

320
13440 

 10 4

8 x 8
262144

640
≈ 10 7

5
970

97000 
 10 5

W
e com

pared the results of A
nt-cycle w

ith those obtained, on the sam
e O

liver30 problem
, by

the other heuristics contained in the package "T
ravel" [4]. T

his package represents the distances
a

m
o

n
g

 th
e

 citie
s a

s a
n

 in
te

g
e

r m
a

trix a
n

d
 so

, in
 o

rd
e

r to
 e

n
a

b
le

 th
e

 co
m

p
a

riso
n

, w
e

im
plem

ented an analogous representation in our system
.

T
h

e
 re

su
lts a

re
 sh

o
w

n
 in

 T
a

b
le

 II, w
h

e
re

 in
 th

e
 first co

lu
m

n
 th

e
re

 is th
e

 le
n

g
th

 o
f th

e
 b

e
st

to
u

r id
e

n
tifie

d
 b

y e
a

ch
 h

e
u

ristic, in
 th

e
 se

co
n

d
 a

n
d

 th
ird

 co
lu

m
n

s th
e

 im
p

ro
ve

m
e

n
t o

n
 th

e
corresponding first colum

n solution as obtained by the 2-opt (exhaustive exploration of all the
p

e
rm

u
ta

tio
n

s o
b

ta
in

a
b

le
 fro

m
 th

e
 b

a
sic o

n
e

 b
y e

xch
a

n
g

in
g

 2
 citie

s) a
n

d
 th

e
 L

in
-K

e
rn

ig
h

a
n

heuristics [19], respectively.
N

o
te

 h
o

w
 A

n
t-cycle

 co
n

siste
n

tly o
u

tp
e

rfo
rm

e
d

 2
-o

p
t, w

h
ile

 its e
ffica

cy –
 i.e

., th
e

e
ffe

ctive
n

e
ss it h

a
s in

 fin
d

in
g

 ve
ry g

o
o

d
 so

lu
tio

n
s –

 ca
n

 b
e

 co
m

p
a

re
d

 w
ith

 th
a

t o
f L

in
-

K
ernighan (even if our algorithm

 requires a longer com
putational tim

e).

5 T
he relative search space is given by 

n!
16! .

6 T
ests w

ere run on a IB
M

-com
patible P

C
.
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T
able II - P

erform
ance of A

nt-cycle com
pared w

ith other approaches

basic 7
2-opt

Lin-K
ernighan 8

A
nt-cycle

420
-

-
N

ear N
eighbour

587
437

420/421
F

ar Insert
428

421
420/421

N
ear Insert

510
492

420/421
S

pace F
illing C

urve
464

431
420/421

S
w

eep
486

426
420/421

A
s a

 g
e

n
e

ra
l co

m
m

e
n

t o
f a

ll th
e

 te
sts, w

e
 like

 to
 p

o
in

t o
u

t th
a

t, g
ive

n
 a

 g
o

o
d

 p
a

ra
m

e
te

r
se

ttin
g

 (fo
r in

sta
n

ce
 α=

1, β=
2, ρ=

0
.5

), o
u

r a
lg

o
rith

m
 co

n
siste

n
tly fin

d
s a

 ve
ry g

o
o

d
 so

lu
tio

n
,

the optim
al one in case of B

A
Y

G
29
9 or the new

 best know
n one in case of O

liver30, and finds
ra

th
e

r q
u

ickly sa
tisfyin

g
 so

lu
tio

n
s (it u

su
a

lly id
e

n
tifie

s fo
r O

live
r3

0
 th

e
 n

e
w

 b
e

st-kn
o

w
n

solution of length 423.74 in less than 400 cycles, and it takes only 
≈100 cycles to reach values

under 430). In any case exploration continues, as it is testified by the non-zero variance of the
le

n
g

th
s o

f th
e

 to
u

rs fo
llo

w
e

d
 b

y th
e

 a
n

ts in
 e

a
ch

 cycle
 a

n
d

 b
y th

e
 fa

ct th
a

t th
e

 a
ve

ra
g

e
 o

f th
e

ants tour lengths gets never equal to the best tour found, but rem
ains som

ew
hat above it, thus

indicating that tours around the best found are tested.

4. 
C

on
clu

sion
s

R
esults presented in the preceding sections suggest that the algorithm

 could be an effective
o

p
tim

iza
tio

n
 to

o
l. T

h
e

 A
n

t syste
m

 u
se

s m
a

n
y sim

p
le

 in
te

ra
ctin

g
 a

g
e

n
ts a

n
d

 a
 fa

st se
a

rch
a

lg
o

rith
m

 b
a

se
d

 o
n

 p
o

sitive
 fe

e
d

b
a

ck, w
ith

o
u

t g
e

ttin
g

 tra
p

p
e

d
 in

 lo
ca

l m
in

im
a

; m
o

re
o

ve
r

a
u

g
m

e
n

tin
g

 th
e

 n
u

m
b

e
r o

f a
g

e
n

ts h
a

s a
 syn

e
rg

e
tic e

ffe
ct o

n
 th

e
 syste

m
 p

e
rfo

rm
a

n
ce

, u
n

til a
n

upper lim
it is reached.

A
 w

a
y to

 e
xp

la
in

 th
e

 e
ffe

ct o
f a

p
p

lyin
g

 th
e

 a
lg

o
rith

m
 to

 th
e

 T
S

P
 p

ro
b

le
m

 is to
 im

a
g

in
e

 to
h

a
ve

 so
m

e
 kin

d
 o

f p
ro

b
a

b
ilistic su

p
e

rim
p

o
sitio

n
 o

f e
ffe

cts: e
a

ch
 a

n
t, if iso

la
te

d
 (i.e

., if 
α

=
0

),
w

ould m
ove w

ith a local, greedy rule. T
his greedy rule guarantees only locally optim

al m
oves:

it doesn't w
ork because that greedy local im

provem
ents very often lead to very bad final steps

(a
n

 a
n

t is co
n

stra
in

e
d

 to
 m

a
ke

 a
 clo

se
d

 to
u

r a
n

d
 th

e
re

fo
re

 ch
o

ice
s fo

r th
e

 fin
a

l ste
p

s a
re

co
n

stra
in

e
d

 b
y e

a
rly ste

p
s). S

o
 th

e
 to

u
r fo

llo
w

e
d

 b
y a

n
 a

n
t ru

le
d

 b
y a

 g
re

e
d

y p
o

licy is
co

m
p

o
se

d
 b

y so
m

e
 p

a
rts th

a
t a

re
 ve

ry g
o

o
d

 a
n

d
 so

m
e

 o
th

e
rs th

a
t a

re
 n

o
t. If w

e
 n

o
w

 co
n

sid
e

r
the effect of the sim

ultaneous presence of m
any ants, then each one contributes to a part of the

trail distribution: good sets of paths w
ill be follow

ed by m
any ants and therefore they receive a

great am
ount of trail, w

hich in turn w
ill m

ake the path even m
ore attractive (thus giving rise to a

positive feedback – or 
autocatalytic – process - see also [10]); bad paths chosen only because

obliged by constraints satisfaction (the tabu list) w
ill be chosen only by few

 ants and therefore
the trail over them

 rem
ains low

. W
hen agents interact it looks like the greedy force can give the

right suggestions to the autocatalytic process and let it converge on very good, often optim
al,

so
lu

tio
n

s ve
ry q

u
ickly, w

ith
o

u
t g

e
ttin

g
 stu

ck in
 lo

ca
l o

p
tim

a
. B

a
d

 to
u

rs b
e

co
m

e
 h

ig
h

ly
im

probable, and the algorithm
 searches only in the neighbourhood of good solutions.

W
e have seen that the ants cooperate by exchanging a particular kind of inform

ation, the trail,
that is m

em
orized in the problem

 structure. A
s no direct com

m
unication is necessary, and only

local inform
ation is used to take decisions, the algorithm

 is very w
ell suited to parallelization.

W
e

 a
re

 cu
rre

n
tly d

e
sig

n
in

g
 th

e
 p

a
ra

lle
l ve

rsio
n

 o
f A

n
t-cycle

 fo
r a

 tra
n

sp
u

te
r a

rch
ite

ctu
re

: w
e

intend to give a set of ants to each transputer and to m
erge, every n steps, the trail left by each

7 T
he nam

e "basic" m
eans the basic heuristic, w

ith no im
provem

ent.
8 T

h
e

 L
in

-K
e

rn
ig

h
a

n
 a

lg
o

rith
m

 fo
u

n
d

 so
lu

tio
n

s o
f le

n
g

th
 4

2
0

 o
r 4

2
1

 d
e

p
e

n
d

in
g

 o
n

 th
e

 sta
rtin

g
 so

lu
tio

n
provided by the basic algorithm

.
9 T

h
is is a

 2
9

 citie
s p

ro
b

le
m

 p
ro

p
o

se
d

 in
 T

S
P

L
IB

 1
.0

 (cfr. n
o

te
 4

).
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se
t o

f a
n

ts o
b

ta
in

in
g

 in
 th

is w
a

y a
 n

e
w

 tra
il m

a
trix. W

e
 th

e
n

 re
d

istrib
u

te
 th

is m
a

trix to
 a

ll th
e

n
o

d
e

s.

W
ith respect to the generality of our approach, w

e believe that m
any com

binatorial problem
s

ca
n

 b
e

 fa
ce

d
 b

y th
e

 A
n

t syste
m

. In
 o

rd
e

r to
 a

p
p

ly th
e

 a
u

to
ca

ta
lytic a

lg
o

rith
m

 to
 a

n
o

th
e

r
com

binatorial problem
, w

e m
ust find an appropriate representation for:

1)
the problem

 (to be represented as a graph searched by m
any sim

ple agents),

2)
the autocatalytic process,

3)
the heuristic that allow

s a constructive definition of the solutions (the "greedy force"),

4)
the constraint satisfaction m

ethod (viz. the tabu list).

T
h

is h
a

s b
e

e
n

 d
o

n
e

 fo
r tw

o
 w

e
ll kn

o
w

n
 co

m
b

in
a

to
ria

l o
p

tim
iza

tio
n

 p
ro

b
le

m
s –

 Q
u

a
d

ra
tic

A
ssignm

ent (Q
A

P) and Job-S
hop S

cheduling (
JS

P) – each tim
e obtaining an adapted version of

the A
nt system

 that could effectively handle the corresponding problem
.

R
elated w

ork can be classified in the follow
ing m

ajor areas:

(i) 
studies of social anim

als behavior,

(ii) 
research in "natural algorithm

s",

(iii)
stochastic optim

ization.

R
esearch on behavior of social anim

als is to be considered as a source of inspiration and as a
useful m

etaphor to explain our ideas. In particular, the w
ork done on foraging behavior of real

a
n

ts ([8
], [9

], [1
5

]) h
a

s b
e

e
n

 o
u

r m
a

in
 so

u
rce

 o
f in

sp
ira

tio
n

. W
e

 b
e

lie
ve

 th
a

t, e
sp

e
cia

lly if w
e

are interested to design inherently parallel algorithm
s, observation of natural system

s can be an
in

va
lu

a
b

le
 so

u
rce

 o
f in

sp
ira

tio
n

. N
e

u
ra

l n
e

tw
o

rks [2
2

], g
e

n
e

tic a
lg

o
rith

m
s [1

6
], e

vo
lu

tio
n

stra
te

g
ie

s [2
0

], im
m

u
n

e
 n

e
tw

o
rks [2

], [3
], sim

u
la

te
d

 a
n

n
e

a
lin

g
 [1

8
] a

re
 o

n
ly so

m
e

 o
f th

e
p

ro
p

o
se

d
 m

o
d

e
ls w

ith
 a

 "n
a

tu
ra

l fla
vo

u
r". M

a
in

 ch
a

ra
cte

ristics, a
t le

a
st p

a
rtia

lly sh
a

re
d

 b
y

m
em

bers of this class of algorithm
s, are the use of a natural m

etaphor, the inherent parallelism
,

the stochastic nature and adaptivity, the use of positive feedback, the capacity to learn (i.e., to
im

prove perform
ance on the basis of past experience). A

ll this w
ork in "natural optim

ization"
can be inserted in the m

ore general research area of stochastic optim
ization, in w

hich the quest
for optim

ality is traded for com
putational efficiency.
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