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recursion.
�

recursion
is

defining
som

ething
in

term
sofitself

�

thereare
m

any
exam

ples
in

nature

�

and
in

m
athem

atics

�

and
in

com
putergraphics,e.g.,the

K
och

snow
flake

(textbook,p.485)
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pow
erfunction.

�

pow
er

is
defined

recursively:

���
�

������������� 	
� ��
� ���
�
�

	
� ��
� ���
�
�

�� �� �� 	�� ���
�
� ����

��
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hereit
is

in
a

Java
m

ethod.
�

p
u
b
l
i
c

i
n
t
p
o
w
e
r

(
i
n
t
x
,
i
n
t

y
)
{

i
f

(
y
=
=
0
)
{

r
e
t
u
r
n
(
1
)
;

}e
l
s
e

i
f
(
y
=
=

1
)
{

r
e
t
u
r
n
(
x
)
;

}e
l
s
e

{
r
e
t
u
r
n
(
x
*
p
o
w
e
r
(

x
,
y
-
1

)
)
;

}
}
/
/

e
n
d
o
f
p
o
w
e
r
(
)

m
e
t
h
o
d

�

N
otice

thatp
o
w
e
r
(
)

calls
itself!

�

Y
ou

can
do

this
w

ith
any

m
ethod

exceptm
ain()

�

B
U

T
bew

are
ofinfinite

loops!!!

�

Y
ou

have
to

know
w

hen
and

how
to

stop
the

recursion
—

w
hatis

the
stopping

condition
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let’s
w

alk
through

p
o
w
e
r
(
2
,
4
)
.

�

call
x

y
return

value

1
pow

er(2,4)
2

4
2

*
pow

er(2,3)
2

pow
er(2,3)

2
3

2
*

pow
er(2,2)

3
pow

er(2,2)
2

2
2

*
pow

er(2,1)
4

pow
er(2,1)

2
1

2

�

the
firstis

the
originalcall

�

follo
w

ed
by

threerecursive
calls
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stacks.
�

the
com

puter
usesa

datastructurecalled
a

stack
to

keeptrack
ofw

hatis
going

on

�

think
ofa

stack
lik

e
a

stackofplates

�

you
can

only
take

off
the

top
one

�

you
can

only
add

m
ore

platesto
the

top

�

this
correspondsto

the
tw

o
basicstack

operations:

–
push

—
putting

som
ethingonto

the
stack

–
pop

—
taking

som
ething

off
ofthe

stack

�

w
hen

eachrecursive
callis

m
ade,pow

er()is
pushedonto

the
stack

�

w
hen

eachreturn
is

m
ade,the

corresponding
pow

er()
is

popped
off

ofthe
stack
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anotherexam
ple:factorial.

�

factorialis
definedrecursively:

��
�

����� 	
�
��
� ��
�
�

�� �� �� 	��
��
�
�
�� �
�

�� �

�

(for�
�
� )
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hereit
is

in
a

Java
m

ethod.
�

p
u
b
l
i
c

i
n
t
f
a
c
t
o
r
i
a
l

(
i
n
t
N
)

{
i
f

(
N
=
=
1
)
{

r
e
t
u
r
n
(
1
)
;

}e
l
s
e

{
r
e
t
u
r
n
(
N
*
f
a
c
t
o
r
i
a
l
(

N
-
1

)
)
;

}
}
/
/

e
n
d
o
f
f
a
c
t
o
r
i
a
l
(
)

m
e
t
h
o
d
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recursive
iteration.

�

Y
ou

can
also

userecursion
to

iterate.

�

H
ere’s

an
exam

ple.G
iven:

p
u
b
l
i
c

c
l
a
s
s
e
x
2
1
a

{

i
n
t
[
]

m
y
A
r
r
a
y
=

n
e
w
i
n
t
[
5
]
;

p
u
b
l
i
c

s
t
a
t
i
c
v
o
i
d

m
a
i
n
(
S
t
r
i
n
g
[
]

a
r
g
s
)

{
e
x
2
1
a
e
x
=
n
e
w

e
x
2
1
a
(
)
;

f
o
r
(
i
n
t
i
=
0
;

i
<
5
;
i
+
+
)

{
e
x
.
m
y
A
r
r
a
y
[
i
]

=
i
+
1
0
;

}e
x
.
p
r
i
n
t
A
r
r
a
y
(

0
)
;

}
/
/
e
n
d
o
f
m
a
i
n
(
)

m
e
t
h
o
d

cs1007-spring2002-sklar-lect21
9



p
u
b
l
i
c

v
o
i
d
p
r
i
n
t
A
r
r
a
y
(

i
n
t

i
n
d
e
x
)
{

i
f
(
i
n
d
e
x
<

m
y
A
r
r
a
y
.
l
e
n
g
t
h

)
{

S
y
s
t
e
m
.
o
u
t
.
p
r
i
n
t
(

m
y
A
r
r
a
y
[
i
n
d
e
x
]

+
"

"
)
;

p
r
i
n
t
A
r
r
a
y
(

i
n
d
e
x
+
1
)
;

}e
l
s
e
{

S
y
s
t
e
m
.
o
u
t
.
p
r
i
n
t
l
n
(
)
;

}
}

/
/
e
n
d
o
f
p
r
i
n
t
A
r
r
a
y
(
)

m
e
t
h
o
d

}
/
/

e
n
d
o
f
e
x
2
1
a

c
l
a
s
s
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norm
aliteration.

�

w
herenorm

aliteration
looks

lik
e

this:

p
u
b
l
i
c

v
o
i
d
p
r
i
n
t
A
r
r
a
y
(
)

{
f
o
r
(
i
n
t
i
n
d
e
x
=
0
;

i
n
d
e
x
<
m
y
A
r
r
a
y
.
l
e
n
g
t
h
;
i
n
d
e
x
+
+
)
{

S
y
s
t
e
m
.
o
u
t
.
p
r
i
n
t
(

m
y
A
r
r
a
y
[
i
n
d
e
x
]

+
"

"
)
;

}S
y
s
t
e
m
.
o
u
t
.
p
r
i
n
t
l
n
(
)
;

}
/
/
e
n
d
o
f
p
r
i
n
t
A
r
r
a
y
(
)

m
e
t
h
o
d
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backto
recursive

iteration.
�

in
the

recursive
version,eachcallis

lik
e

one
iteration

inside
the

for
loop

in
the

iterative
version

call
index

output
nextcall

1
printA

rray(0)
0

10
printA

rray(1)
2

printA
rray(1)

1
11

printA
rray(2)

3
printA

rray(2)
2

12
printA

rray(3)
4

printA
rray(3)

3
13

printA
rray(4)

5
printA

rray(4)
4

14
printA

rray(5)
6

printA
rray(5)

5
new

line
—

—
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m
ore

on
recursion.

�

W
ith

recursion,eachtim
e

the
m

ethod
is

invoked,one
stepis

taken
tow

ards
the

resolution
ofthe

taskthe
m

ethodis
m

eantto
com

plete.

�

B
efore

eachstepis
executed,the

stateofthe
taskbeing

com
pleted

is
som

ew
here

in
the

m
iddle

ofbeing
com

pleted.

�

A
fter

eachstep,the
stateofthe

taskis
one

stepcloserto
com

pletion.

�

In
the

exam
ple

above,eachtim
e "!

#$%
&!!
'�� #�

is
called,the

arrayis
printed

from
the

# -th
elem

entto
the

end
ofthe

array.

�

In
the "(

)*!
� ��� exam

ple,eachtim
e

the
m

ethod
is

called,pow
eris

com
puted

for
each

���

,in
term

softhe
previous� �

��.

�

In
the+ ',%(!

#'-
� �
�

exam
ple,eachtim

e
the

m
ethodis

called,factorialis
com

puted
for

each �

,in
term

softhe
previous �

�
�.

�

T
he

book
usesthe

classic“T
ow

ers
ofH

anoi”exam
ple

(p477-482).E
achtim

e

.(
/*
0(
)*!

�� is
called,one

disk
is

m
oved

from
one

tow
erto

another.A
t

eachpoint(i.e.,
atthe

startofeachrecursive
call),the

stateofthe
tow

ersis
in

the
m

iddle
ofcom

pletion,
untilthe

finalsolution
is

reached.
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searching.
�

O
ften,w

hen
you

have
datastoredin

an
array,you

needto
locatean

elem
entw

ithin
that

array.

�

T
his

is
called

searching.

�

Typically,you
searchfor

a
key

value
(sim

ply
the

value
you

are
looking

for)
and

return
its

index
(the

location
ofthe

value
in

the
array)

�

A
s

w
ith

sorting,thereare
m

any
searching

algorithm
s.

�

W
e’ll

studythe
follo

w
ing:

–
linearsearch

�

standard
linearsearch,on

sortedorunsorted
data

�

m
odified

linearsearch,on
sorteddataonly

–
binary

search

�

iterative
binary

search,on
sorteddataonly

�

recursive
binary

search,on
sorteddataonly
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linearsearch
on

U
N

S
O

RT
E

D
D

A
TA

.
�

Linearsearch
sim

ply
looks

throughallthe
elem

ents
in

the
array,one

ata
tim

e,and
stops

w
hen

it
finds

the
key

value.

�

T
his

is
inefficient,butif

the
arrayyou

are
searching

is
notsorted,then

it
m

ay
be

the
only

practicalm
ethod.

p
u
b
l
i
c

i
n
t
l
i
n
e
a
r
S
e
a
r
c
h
(

i
n
t

k
e
y
)
{

f
o
r
(
i
n
t
i
=
0
;

i
<
m
y
A
r
r
a
y
.
l
e
n
g
t
h
;

i
+
+
)

{
i
f
(
k
e
y
=
=

m
y
A
r
r
a
y
[
i
]
)

{
r
e
t
u
r
n
(
i

)
;

}
}
/
/
e
n
d
f
o
r

i
r
e
t
u
r
n
(
-
1
)
;

}
/
/
e
n
d
o
f
l
i
n
e
a
r
S
e
a
r
c
h
(
)

m
e
t
h
o
d
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linearsearchon
S

O
RT

E
D

data.
�

If
the

arrayyou
are

searching
IS

sorted,then
you

can
m

odify
the

linearsearch
to

stop
searching

if
you

have
looked

pastthe
placew

herethe
key

w
ould

be
storedif

it
w

ere
in

the
array.

�

T
his

only
helpsshorten

the
run

tim
e

if
the

key
is

notin
the

array...

p
u
b
l
i
c

i
n
t
m
o
d
i
f
i
e
d
L
i
n
e
a
r
S
e
a
r
c
h
(
i
n
t
k
e
y

)
{

f
o
r
(
i
n
t
i
=
0
;

i
<
m
y
A
r
r
a
y
.
l
e
n
g
t
h
;

i
+
+
)

{
i
f
(
k
e
y
=
=

m
y
A
r
r
a
y
[
i
]
)

{
r
e
t
u
r
n
(
i

)
;

}e
l
s
e
i
f
(
k
e
y

<
m
y
A
r
r
a
y
[
i
]

)
{

r
e
t
u
r
n
(
-
1

)
;

}
}
/
/
e
n
d
f
o
r

i
r
e
t
u
r
n
(
-
1
)
;

}
/
/
e
n
d
o
f
m
o
d
i
f
i
e
d
L
i
n
e
a
r
S
e
a
r
c
h
(
)
m
e
t
h
o
d
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binary
search.

�

B
inary

search
is

m
uch

m
ore

efficientthan
linearsearch,O

N
A

S
O

RT
E

D
A

R
R

A
Y

.

�

It
C

A
N

N
O

T
be

usedon
an

unsortedarray!

�

It
takes

the
strategy

ofcontinually
dividing

the
search

spaceinto
tw

o
halves,hencethe

nam
ebinary.

�

S
ayyou

are
searching

som
ething

very
large,lik

e
the

phonebook.If
you

are
looking

for
one

nam
e(e.g.,“G

illigan”),it
is

extrem
ely

slow
and

inefficientto
startw

ith
the

A
’s

and
look

ateachnam
eone

ata
tim

e,stopping
only

w
hen

you
find

“G
illig

an”.
B

utthis
is

w
hatlinearsearchdoes.

�

B
inary

search
actsm

uch
lik

e
you’d

actif
you

w
ere

looking
up

“G
illig

an”in
the

phone
book.

–
Y

ou’d
openthe

book
som

ew
here

in
the

m
iddle,then

determ
ine

if
“G

illigan”appears
beforeorafterthe

pageyou
have

opened
to.

–
If

“G
illig

an”appearsafterthe
pageyou’ve

selected,then
you’d

openthe
book

to
a

laterpage.
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–
If

“G
illig

an”appearsbeforethe
pageyou’ve

selected,then
you’d

openthe
book

to
an

earlier
page.

�

Y
ou’d

repeatthis
processuntilyou

found
the

entry
you

are
looking

for.
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binary
search,2.

p
u
b
l
i
c
i
n
t

b
i
n
a
r
y
S
e
a
r
c
h
(

i
n
t
k
e
y
)
{

i
n
t
l
o
=

0
,
h
i
=
m
y
A
r
r
a
y
.
l
e
n
g
t
h
-
1
,

m
i
d
;

w
h
i
l
e
(

l
o
<
=
h
i
)
{

m
i
d
=

(
l
o
+
h
i
)
/

2
;

i
f
(
k
e
y

=
=
m
y
A
r
r
a
y
[
m
i
d
]

)
{

r
e
t
u
r
n
(

m
i
d
)
;

}e
l
s
e
i
f

(
k
e
y
<
m
y
A
r
r
a
y
[
m
i
d
]

)
{

h
i
=

m
i
d
-
1
;

}e
l
s
e
{

l
o
=

m
i
d
+
1
;

}
}
/
/
e
n
d

w
h
i
l
e

r
e
t
u
r
n
(

-
1
)
;

}
/
/
e
n
d
o
f

b
i
n
a
r
y
S
e
a
r
c
h
(
)

m
e
t
h
o
d
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recursive
binary

search.

p
u
b
l
i
c
i
n
t

r
e
c
u
r
s
i
v
e
B
i
n
a
r
y
S
e
a
r
c
h
(

i
n
t

k
e
y
,
i
n
t
l
o
,

i
n
t
h
i
)
{

i
f
(
l
o

<
=
h
i
)
{

i
n
t
m
i
d

=
(
l
o
+
h
i

)
/
2
;

i
f
(
k
e
y

=
=
m
y
A
r
r
a
y
[
m
i
d
]

)
{

r
e
t
u
r
n
(

m
i
d
)
;

}e
l
s
e
i
f

(
k
e
y
<
m
y
A
r
r
a
y
[
m
i
d
]

)
{

r
e
t
u
r
n
(

r
e
c
u
r
s
i
v
e
B
i
n
a
r
y
S
e
a
r
c
h
(

k
e
y
,
l
o
,
m
i
d
-
1

)
)
;

}e
l
s
e
{

r
e
t
u
r
n
(

r
e
c
u
r
s
i
v
e
B
i
n
a
r
y
S
e
a
r
c
h
(

k
e
y
,
m
i
d
+
1
,

h
i
)
)
;

}
}e
l
s
e
{

r
e
t
u
r
n
(

-
1
)
;

}
}
/
/
e
n
d
o
f

r
e
c
u
r
s
i
v
e
B
i
n
a
r
y
S
e
a
r
c
h
(
)

m
e
t
h
o
d
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