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Abstract

In this paper, we present a high-level intermediate language, called delay-Prolog, for
implementing CLP(FD), the constraint language over finite-domains. Delay-Prolog
has a much stronger description power than indexical, the intermediate language
widely used in current finite-domain constraint compilers. It is powerful enough for
describing all kinds of constraint propagation procedures, which by now have been
mostly written in low level languages. And, most importantly, delay-Prolog opens
new ways to compiling constraints. Besides the indexical algorithm that compiles
constraints into indexicals, we implemented two new algorithms: the wait algorithm
that compiles a constraint as whole into a propagation procedure without splitting
it into small pieces, and the incremental simplification algorithm that incremen-
tally simplifies constraints into smaller ones. The results are noteworthy: The wait
algorithm generates the fastest code, while the widely used indexical algorithm gen-
erates code that is about 3 times slower than that generated by the wait algorithm.
The wait algorithm is adopted in the latest version of B-Prolog. The experimental
results show that B-Prolog is comparable in performance with the fastest CLP(FD)
systems, although it is an emulated system.

1 Introduction

CLP(FD) [7)?, the constraint logic programming language over finite domains, has
been proved effective for solving a large number of real-life optimization problems.
The key operation employed in CLP(FD) is called constraint propagation, which
uses constraints actively to prune search spaces as follows: whenever a variable
changes, i.e., the variable has been instantiated or its domain has been updated,
the domains of all the remaining variables are filtered to contain only those values
that are consistent with this variable. Like compiling unification is important for
improving the performance of Prolog, compiling constraint propagation is a key to
improving the performance of CLP(FD).

In early CLP(FD) systems, such as in the CHIP system [5], constraints are inter-
preted rather than compiled: constraints are first transformed into canonical-form
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terms and are then executed by an interpreter that performs, among other things,
constraint propagation. The propagation procedure adopted is general enough for
handling all types of constraints. Learning from the experience of compiling Pro-
log programs into the arren Abstract achine ( A ), several researchers have
extended the A  for compiling CLP(FD). In the CHIP compiler [ ], constraints
are compiled into low level instructions such that different specialized propagation
procedures can be used for different types of constraints. This compiler is called a
and a lac - ox compiler because it is based on a complex abstract machine
and the constraint solver is not open to the users.
ecently, an intermediate language, called indexical, has been widely used for
compiling finite-domain constraints [ , |. An indexical is a primitive constraint in
the form of in r, where is a domain variable and specifies the range for . For
each indexical, a propagation procedure specific to it is adopted. In contrast to the
CHIP compiler, these compilers are called and glass- ox compilers because
the underlying abstract machines are much simpler than that adopted in the CHIP
compiler and the intermediate language is open to the users. However, indexical is
very limited in description power because the delay mechanism is embedded in the
language. It can be used to compile arithmetic as well as Boolean constraints|3],
but is too week to be used to implement other types of constraints. In addition,
the compilation from constraints into indexicals is so straightforward that it is
impossible to try some new compilation algorithms and optimization techni ues.

In this paper, we present a high-level intermediate language, called delay-Prolog,
for implementing finite-domain constraints. Delay-Prolog extends Prolog in that it
supports domain aria les and a delay mechanism, called delay cla se, that has the
functionality of describing delay conditions on goals, triggering times for delayed
goals, and actions taken after goals are delayed. Delay-Prolog will be defined in

ection 3.

Delay-Prolog is a nice implementation language for programming constraint
propagation. e will show in ection how to program constraint propagation for
various constraints including reification and the global constraint - .
Delay-Prolog has a much stronger description power than indexical, and opens new
ways to compiling constraints. Besides the indexical algorithm, we will describe in

ection 5 two new algorithms: the wait algorithm that compiles each constraint as
a whole into a propagation procedure without splitting it into small pieces, and the
incremental simplification algorithm that incrementally simplifies constraints into
smaller ones. e will also analyze these algorithms and clarify their advantages
and disadvantages.
e have implemented all the algorithms in B-Prolog and compared their perfor-
mance for several benchmark programs. The results, which will be given in ection
, are noteworthy: The wait algorithm is the best algorithm which generates code
that is 3 times faster than that generated by the indexical algorithm. The wait
algorithm is used in the latest version of B-Prolog ( ersion 3. ). The experimental
results also show that B-Prolog is comparable in performance with, and sometimes
faster than IC tus-Prolog and clp(FD), although it is an emulated system.

The advantages of delay-Prolog have not yet been explored thoroughly. In ec-
tion 7, we will propose two important optimization techni ues.

The reader is assumed to be familiar with logic programming and constraint
satisfaction, but no knowledge about abstract machines is assumed. In ection ,
we define some preliminary terms about CLP(FD) and constraint propagation. For
detailed description, the reader may consult [7] and [ ].
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In general, a CLP(FD) program is composed of three parts: the first part, called
aria le generation, generates variables and specifies their domains the second part,
called constraint generation, specifies constraints over the variables and the final
part, called la eling, instantiates the variables by doing enumeration.
The domain of a variable is defined as follows:

where is a variable or a list of variables, and is a list of integers or a range
between two integers which denotes the set of integers .
A basic constraint is a call in the form 5 where and o are two

arithmetic expressions and is a relation symbol in , ,

which is self-explainable. There are several other primitives available for describing
other types of constraints, choosing variables, instantiating variables, and finding
optimal solutions with respect to some criteria.

on an O aga omn

Constraint Propagation (CP) is a basic operation employed in CLP(FD) systems
for solving constraints. It uses constraints actively to exclude no-good values from
the domains of variables. any algorithms can be derived from this idea depending
on when and to what level CP is applied. The following table illustrates how
domains in ( ..5) are updated by four different algorithms. The
consistency c¢ ec ing algorithm performs CP when constraints are generated. The
orward c ec ing algorithm, besides doing consistency checking, also invokes CP
when a domain variable is instantiated. The partial loo -a ead algorithm, besides
doing forward checking, also invokes CP when a bound of a domain is updated. The

ll loo -a ead algorithm, besides doing partial look-ahead, also invokes CP when
an intermediate element is excluded from a domain.

a roo

O an a a e

A domain variable is represented internally ust like a suspending variable of Prolog,
but there is more information associated with it (see the table below).



The information about a domain variable can be accessed and or updated

through a group of primitives. The expression denotes the minimum el-
ement, the maximum element, the list of elements, and
the size of the domain of . The primitive excludes the element
from the domain of , and the primitive checks whether is an element
in the domain of

A failure occurs when the domain of a variable becomes empty. hen the

domain of a variable becomes a singleton, then the variable will be bound to the
element.
An update of a domain variable is called a trigger and the variable is called a

triggering aria le. There are four kinds of triggers. The trigger ins is on when

is instantiated min is on when the low bound of is updated is on
when the upper bound of is updated and is on when any change happens
to . There are four lists of constraints associated with a domain variable, each
of which stores the constraints to be executed when the corresponding trigger is
turned on. otice that the triggers are not completely independent each other. If
the trigger is on, all the other three triggers will be on too. If either
or is on, then will be on too.

e a au e

In this subsection, we describe the syntax and semantics of delay clauses. xamples
that illustrate their usage will be given in the next ection.
A delay clause takes the following form:

where is a se uence of in-line tests, is a se uence of trigger
declarations, and is a se uence of arbitrary calls.

For any call to the predicate of , if it matches (i e the call is an
instance of ) and is satisfied, then the call delays and is
executed. ince one-directional matching rather than full-unification is used to
match the call against and is composed of only in-line tests, the
call will be kept unchanged before is executed. If the call does not match

or fails, then the next clause will be tried. If fails, then
the original predicate call will fail.

The se uence of trigger declarations , which is optional, declares when
the clause should be re-executed. The trigger declaration means the time
when the variable is instantiated ( ) means the time when the the
low (upper) bound of is updated and means the time when any change
happens to . hen no trigger declaration is given, the compiler automatically
generates a trigger for each variable occurring in



A delay clause is executed in a event-driven manner. At the entry and exit
points of every predicate, the system checks to see whether or not there is trig-
ger that has been turned on. If so, then the current procedure is interrupted and
control is moved to the lists of constraints associated with the trigger. hen a
delay clause is re-entered, the execution starts from different points depending on
the type of the trigger. If the trigger is , then the execution starts from
the condition otherwise, the execution starts from the action. This optimization
techni ue avoids testing of the condition redundantly because the triggers ,

, and do no affect the satisfiability of the condition. After the con-
straints finish their execution, the interrupted procedure will resume its execution.
The implementation tails can be found in [ 3].

Delay clauses defined here are much more powerful than other delay constructs
available in different Prolog systems. It extends delay clauses proposed by eier
[ ] which are unable to describe triggers and actions. All other constructs, such as
ree e in Prolog-IT and w en declarations in -Prolog, can be implemented very
easily by using delay clauses.

ro ra in onstraint ro a ation

In this section, we show four examples that illustrate how to programming constraint
propagation in delay-Prolog.

nF -on an ne ee

After we have delay clauses, it becomes a trivial work for us to write a constraint
interpreter. The following shows such an interpreter:

The condition  _ _ succeeds if there are more than domain variables
in the term . For a constraint , if there are at least one variable in C, the interpreter
delays the constraint and invokes the procedure _ which excludes no-
good values from the variables in  to ensure the consistency of the constraint. The
two triggers, and , ensure that the constraint will be reconsidered
whenever either bound of any variable in  is updated.

n e a

Indexical, which is adopted by many CLP(FD) compilers for compiling constraints,
can be implemented easily with delay-Prolog. Consider the indexical

This indexical is a primitive constraint that excludes no-good values from the do-
main of that do not lie in the range of . This
constraint is reconsidered whenever a bound of or is updated. The following
procedure implements the indexical:



The predicate call propagates changes from and or to
This implementation is ine cient because the action taken is the same regardless
of the instantiation states of and

To improve the e ciency, we rewrite the first clause into four clauses, each one
taking care of one instantiation state of the constraint:

e can do the same thing to the second clause in the previous definition of  in
, but cannot expect as much gain in e ciency because non-delay clauses are
executed only once while delay clauses may be executed many times.

e a on

ne well used techni ue in FD constraint programming is called reification, which
uses a new Boolean variable to indicate the satisfiability of a constraint . must
be satisfied if and only if is e ual to . This relationship is denoted as:

eification is useful for implementing various global constraints, such as cardinality
constraints [ |.
It is straightforward to implement reification in delay-Prolog. Consider, as an
example, the reification:

where and are domain variables, and is a Boolean variable. The following
procedure describes the relationship:

Curious readers might have noticed that is a trigger in the first clause but
is not a trigger in the second clause. The reason is simply that
affects the condition of the first clause but has no effect on the condition



of the second clause. hen is bound after the first clause is executed, it may be

bound to be the same variable as . In this case, the test in the condition
will fail. In contrast, is guaranteed to be an integer after the constraint is delayed
by the second clause. Therefore, declaring as a trigger is a nonsense.

a _ n

Besides arithmetic constraints, a constraint system usually offers the functionality
for describing and solving symbolic constraints. Delay-Prolog is also a nice lan-
guage for implementing symbolic constraints. e consider, as an example, how to
implement .

The constraint - holds if variables in  are pair-wisely differ-
ent. ne naive way of implementing this constraint is to generate binary ine uality
constraints between all pairs of variables in . This implementation has two prob-
lems: First, the space re uired to store the constraint is uadratic in the number
of variables in econd, splitting the constraint into small granularity ones may
lose possible propagation opportunities. The second problem has been pointed out
before by other researchers (e.g., [ ],[ ])-

To solve the space problem, we define _ in the following way:
For each variable , let be the list of variables to the left of and be the
list of variables to the right of . The predicate call holds if

appears in neither nor . Instead of generating ine uality constraints
between and all the variables in and , the call
delays until is instantiated. After becomes an integer, the calls
and exclude from the domains of the variables in and

. It is not di cult to understand that this implementation only consumes
linear space.
In terms of the propagation ability, the second implementation is the same as
the first one. In some systems, consistency checks are done to detect failure as early
as possible. It is very easy to introduce consistency checks into the implementation.

To do so, we only need to define as follows:

where _ does the consistency check. There are

many possible algorithms. The one implemented in B-Prolog is as follows: Let

be the size of the domain of , and be the number of variables in and
whose domains are subsets of that of . If , then fails otherwise,

if , then for each value in s domain, exclude from the domains of

all the variables whose domains are not subsets of that of . The soundness of the



algorithm is obvious: If , then it is impossible to assign  different values
to variables, and if , then no value in the domain of can be
assigned to other variables except and the  variables.

o iin Arit tic onstraints

In this section, we show that delay-Prolog can serve as an excellent intermediate
language for compiling constraints. For each constraint, the compiler generates a
constraint propagator tailored to the source constraint. e only consider linear
arithmetic constraints.

constraint 5 18 said to e in canonical-
orm 1% and o are expressions in t e ollowing orm 2 w ere
( ) is eit er a domain aria le or a domain aria le proceeded y a

positi e coe cient

For each constraint, the compiler first translates it into a canonical-form and
then generates a constraint propagator for it. It is usually impossible to know the
run-time properties of the variables in an expression at compilation time. A variable
may be a constant, a domain variable, or even a complex expression at execution
time. To invoke the propagator, the variables must be first checked at runtime.
If they are domain variables or integers, then execute the specialized propagator
otherwise, call the constraint interpreter.

o ng o - egee on an

e first consider how to compile constraints that contains three or less variables.
As nary constraints, i.e., constraints containing only one variable, can be trans-
lated into appropriate primitives on domain variables, we only need to consider
constraints that contains two or three variables.

e have shown in the previous section how to implement indexical. ith indexical,
we can compile constraints in the same way as many other compilers do. Consider,
for example, the constraint . This constraint is replaced by the following
three indexicals:

This algorithm has both advantages and disadvantages. n one hand, indexicals
themselves are specialized code that contains no redundancy. For example, when a
bound of is updated, the indexicals and
will be triggered but the indexical will not be triggered. n
the other hand, the granularity of indexicals is very small and the cost for executing
them is usually high because space is re uired for storing the constraints and the
execution context, i.e., some of the registers of the abstract machine, has to be
switched fre uently.



Another algorithm is to compile each constraint into one delay predicate without
splitting it into smaller pieces. The delay predicate contains clauses for different
modes of the constraints, starting from the mode where all the variables are free to
the mode where all the variables are instantiated. The delay predicates for inary
constraints (i.e., constraints having two variables) look like:

The contents of and are determined based on the type of the
constraint.
For example, the constraint is compiled into the following predicate:

o action will be taken when both and are uninstantiated. As another example,
consider the e uality constraint . The compiled predicate is as follows:

This predicate is a little different from the skeleton we mentioned above: The last
clause takes care of both of the cases when is a variable and when is an integer.
Compared with the scheme of compiling constraints into indexicals, this scheme
does not have the small granularity problem. ne constraint is compiled into only
one predicate and thus only one frame is enough for storing the constraint. n the
other hand, the code for reducing domains is not as specialized as in indexicals.
xecuting is redundant if the constraint is triggered by
changes to . It isdi cult to udge which scheme is better than the other without
doing experimental comparison. In ection , we will give the experimental results.

o ng hgh- egee on an

There are many ways for compiling -ary constraints where is greater than 3. The
first algorithm is to compile all constraints in the same way as that for compiling low-
degree constraints: generate a clause for each mode of a constraint. e call this the
explosi e examination algorithm. This algorithm has the advantage that specific
code for reducing domains can be generated for different modes of a constraint.
However, for an -ary constraint, there are clauses in the generated predicate.
This algorithm is obviously not practical for compiling constraints with large

The second algorithm is to split an -nary constraint into a se uence of three-
tuple constraints each of which contains at most three variables. e call this al-
gorithm split algorithm. This algorithm is adopted by many compilers, such as



IC tus-Prolog and clp(FD). It does not have the size-explosion problem of the
explosive examination algorithm and can take advantage of the constraint library
which is usually implemented in low-level languages and are well tuned. In addi-
tion, this algorithm, as described in [ |, can restrict value propagation within small
constraints as long as the shared variables do not change. The disadvantages of this
algorithm are that new domain variables have to be introduced and the granularity
of constraints becomes smaller.

The third algorithm is to incrementally simplify -ary constraints to lower degree
ones. The generated predicate for an -ary constraint looks like:

2

hen the reduced constraints , o, ..., and have the same structure, then
only one predicate is ade uate to define the propagation procedure for them. The
simplification process is repeated until the simplified constraints have no more than
three variables. e call this algorithm incremental simplification algorithm. This
algorithm has the advantage that specific code is used to reduce domains. The
disadvantages are that: there are a lot of argument passing involved in the execution,
and the compiled code takes at least ( ) space and thus cannot be applied to
large constraints.

The fourth algorithm is to compile an -ary constraint into:

The constraint is delayed until it becomes ground. e call this wait algorithm. This
algorithm is simple and generates linear-size code. However, the code for reducing
domains does not take the modes of constraints into account and is thus ine cient.

In the current implementation of delaying, no constraint can be delayed after it
becomes ground. In other words, ground constraints will possibly become garbage
to be collected by the garbage collector. By taking advantage of this feature, we
can simplify the predicate to:

It does not test the instantiation state of the constraint, but relies on the system to
do the test.



Table : Comparison of four compilation algorithms ( PA C- | milliseconds)

magic 33() (.5) (. )] 33(. )

e () (7. ) 5(.5) (-)
e 5 () (5.73) (7. )| 333(.3)
crypta 3() (3. ) 3. ) 3(. )
alpha-ff | 7 () (. ) 3(.) (. )
ri  nta su ts

All the algorithms described in this paper have been implemented in B-Prolog. In
this section, we first compare the performance of the four compilation algorithms
and then compare the best one with other three CLP(FD) systems.

O a ng een o a onago h

Table
the four compilation algorithms:

compares the execution time (on a PA C- ) of the code generated by
is the algorithm that delays constraints un-
til they become ground is the algorithm that splits n-ary constraints into
three-tuple ones and is the algorithm that incrementally simplifies n-
ary constraints into lower degree ones. For , the two algorithms for compiling
small constraints are tested: compiles constraints into indexicals and
compiles constraints into delay predicates. ach program was run five times and
the minimal time was taken. There is no big difference between and

Based on the results, we can rank the algorithms as follows:

ait implify plit
The algorithm is the best. The generated code by is to 7 times as fast
as that generated by the algorithm.

The cost of executing a constraint program comes mainly from three sources:
delay-condition tests, domain reduction, and context switching. The algorithm
is the best in terms of the costs of delay-condition tests and context switching, but
the worst in terms of the cost for domain reduction. The algorithm is the
best in terms of the cost for reducing domains because value propagation can be
restricted to small constraints as long as the temporary variables that connect them
with others do not change. evertheless, the algorithm is the worst in terms
of the cost for context switching. For an -ary constraint, a change to one variable
in it may trigger as many as three-tuple constraints in the worst case. The

algorithm is better than in terms of the cost for reducing domains,
but has to pay the cost for passing arguments.

In B-Prolog, all propagation procedures are encoded in Prolog which are com-
piled to byte code that is interpreted by an emulator. In many systems, propagation
procedures for small granularity constraints are written directly in C and are well
tuned. If small constraints are handled in the same way, then the results for the

algorithm will certainly become better. However, the same thing can be done
to the and algorithms. e have noticed that the code for reducing
domains involves a lot of arithmetic computations. If it is compiled into C, then a



Table : Comparison of four systems ( PA C- )

magic 33 () 5 (.5) 5(.3) 33(7. )
- 0) ) ) )
e - 5 () (.7) (.5) 7(3.3)
crypta 3() ( .33) (. ) 3 (.)
alpha BS55 ()13, (. )|, 5(.33 ,33(. )
ueens- () , (.5 ) ] 553 (.7) ,  (3.)

great speed-up is expectable because the overhead of interpreting byte code is gone
and the data involved in the computation can be untagged.

Through this experiment, we found that the algorithm should be chosen.
As a side result, we found that compiling constraints into small granularity ones is
not a good idea.

O a ng - oog h heohe on an e

Table compares the CP times re uired to execute the benchmark programs by
four systems: B-Prolog[ | version 3. (BP), IC tus-Prolog[ ] version 3.

( IC ), clp(FD)[ ] version . ,and clipse[ ] version 3.5. . For all the programs,
variables are instantiated in the given order from left to right.
The constraints in are compiled by hand into e cient forms for
running in , and . Therefore, this comparison is a little unfare to
n average, is the fastest and is the slowest system.
and lie in between, but  is a little faster than
The systems compared are very different. compiles programs into C,
compiles programs into native code, and and are emulated. In
addition, uses a general data structure, called meta-terms, to represent

domain variables, while the other three systems use a special data structure for
representing domain variables.

The results are very encouraging for us. xcept for and , hasa
comparable performance with , the fastest finite-domain constraint solver
available now. If constraint propagation procedures are translated into C as done
in , then a great speed-up is expectable because the overhead of byte-code
interpretation and many low-level operations such as tagging and untagging can be
eliminated. Therefore, delay-Prolog is not only a good programming language for
programming constraint propagation, but also an e cient intermediate language
for compiling constraints.

| ro nts

As we mentioned before, the cost of executing a constraint program comes from
mainly three sources: delay-condition tests, domain reduction, and context switch-
ing. All these three operations can be optimized.
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The code for reducing domains can become much faster if value propagation is done
only when necessary. By profiling program executions of the benchmark programs,
we found that more than of the primitives of are fruitless because
the range is bigger than or e ual to the domain of . To avoid executing this
kind of useless primitives, we can do similar things done in the indexical compila-
tion algorithm and split constraints into three-tuple ones by introducing temporary
variables and connect these constraints into a loop chain. Aslong as the connecting
variable changes, the code for the next three-tuple constraint in the chain will be
executed. For each triggering variable in the constraint, there is a re-entry point
that indicates the code of the three-tuple constraint to be executed first when the
constraint is triggered by the variable.  hen registering the constraint into the
corresponding constraint list of the triggering variable, we also register the re-entry
point.

Let us take the constraint as an example to illustrate the idea. The
constraint is split into two small ones: and . otice here that the
temporary variable is not a domain variable. o event happens when temporary
variables are updated, and for a temporary variable, we only need to store its low
and upper bounds. The code for reducing domains looks like:

For each variable in the original constraint, the label _ indicates the
re-entry point from where the execution starts when the constraint is triggered by
an update of . For each temporary variable , there are two labels that indicate,
respectively, the two points to go when the two occurrences of the temporary vari-
able is updated. The code has the advantages of indixicals but does not have the
problems because no new domain variables are introduced and the granularity of
constraints never become smaller.

n ea ng heg anua o on an

Increasing the granularity of constraints is an important techni ue for reducing
the number of delay-condition tests and context switching. To do so, we combine
multiple constraints and compile them into a bigger propagation procedure.



For several constraints, if they share the same set of variables, then combing
them is uite straightforward. Consider, for example, the three constraints taken
from the ueens program:

where is aninteger,and and are domain variables. As the constraints share the
same set of variables, they can be compiled as a whole into the following propagation
procedure:

hen or is instantiated, context switching is done only once rather than three
times, and thus the delay-condition tests against and need not be done separately
three times.

For constraints that do not have the same set of variables but share some vari-
ables, we can also increase the granularity by combining them. Let , , and
~ be three dis oint sets of variables. uppose there are two constraints ( )
and »( ). e generate three propagation procedures, one called () for

which is triggered only when some change happens to variables in , one called

( ) for » which is triggered only when some change happens to variables in o,
and the third called () for both  and » which is triggered only when
some shared variable in changes. The two constraints is translated into the

following three calls:

c )y )y )

The procedure () is defined as follows:
C ) _
The procedure () is similar, but only variables in ~ become triggering vari-
ables. The procedure ( ) is defined as follows:

( )

hen a shared variable in  changes, only the propagator  will be triggered.



onc udin ar s

we presented a high-level intermediate language, called delay-Prolog, for program-
ming constraint propagation and compiling finite-domain constraints. Delay-Prolog
has a much stronger description power than indexical and opens new ways to com-
piling constraints. e tried four compilation algorithms and found that the wait
algorithm is the best algorithm and that compiling constraints into indexicals has
the worst performance. e also showed that B-Prolog, which employs the wait
compilation algorithm, is already comparable in performance with the fastest finite-
domain constraint systems available now. e further proposed two techni ues for
improving the compilation algorithm. A great speed-up of the generated code is
expected after the techni ues are implemented.

r mc s



