Relations

® Given sets S and T, a binary relation from S to T is any subset
RofSxT@(e.,RcSxT).

® Example;
A university would be interested in the relation R consisting
of all ordered pairs whose first entries are students and whose
second entries are the courses the students are enrolled in.
This relation is from the set S of university students to the set
C of courses offered.

- If s € S is fixed:

{c € C:(s,c) € R} - set of courses taken by s.
- If ¢ € C is fixed:

{s € S:(s,c) € R} - the class list for c.

®In case S=T, we say that a subset R of SxS is a relation on S.

® Functions:
A function f: S - T, is a relation R; from S to T such that for
each x € S there is exactly one y € T with (x,y) € R..

R;={(x,y) € SXT : y =1{(x)}

® R™ - Converse Relation:
Given R < SXT, the converse relation 1s defined as:
R = {(y,x) € TS : (x,y) € R}
Note: the converse function f = {(y,x) € TxS : y =1(x)}



Properties of Relations:

® A relation R on a set S is said to have the following properties
if it satisfies the given condition for each property:

® Reflexive - (R):
(x,x) € R forall x € S.
® Antireflexive - (AR):
(x,x) ¢ R forall x € S.
® Symmetric - (S):
(x,y) € R implies (y,x) € R for all x,y € S.
® Antisymmetric - (AS):
(x,y) € R and (y,x) € Rimply x =y.
® Transitive - (T):

(x,y) € R and (y,z) € R imply (x,z) € R.



® Examples:
- The Inequality Relation '<' on R:
R={(xy)eRxR:x <y}

(R) x <xforallx e R
(AS) x<yandy < ximply x =y
(T) x<yandy<zimplyx <z

- The Strict Inequality Relation '<' on R:
R={xy)eRxR:x<y}

(AR) X < X never holds
(T) x<yandy<zimply x<z
(AS) vacuously true

- Equality Relation '=' on S:
E={(x,y) e SXS:x=y} ={(X,X) : x € S}

(R); (S); (AS); (T)

® Example: Image of a subset under a relation
S = a set of suppliers.
T = a set of products.
(x,y) € R if supplier x sells product y.
LetAcSand B c T,
R(A)={y e T:(xy) € R for some x € A}
(set of products sold by A)
R' B)={xeS:(y,x) e R forsomey € B}
={xeS:(x,y) e Rforsomey e B}
(set of suppliers for B)



Diagrams of Relations
® Consider R, on {0,1,2,3} defined by '<"

R, =1{(0,0),(0,1),(0,2),(0,3),(1,1),(1,2),(1,3),(2,2),(2,3),(3,3) }

® Note: an arrow is drawn from m to n whenever (m,n) € R,. The
arrows have been left off the loops.

® The diagram of the converse R,” relation is obtained by
reversing the arrows in the figure. The loops remain
unchanged.

R,” =1{(0,0),(1,0),(2,0),3,0),(1,1),(2,1),(3,1),(2,2),(3,2),(3,3) }




® Consider R, on {1,2,3,4,5} defined by (m,n) € R, iff m-n is
even:

R,={(1,D),(1,3),(1,5),(2,2),(2,4),(3,1),(3,3),(3,5),(4,2),(4,4),
(5,1),(5,3),(5,5)}

1 3

m
2 " 4

® Note: R, 1s symmetric.

® The diagram of R, is obtained by reversing the arrows in the
diagram, but note you get the same picture. Hence R,” =R,

® When a relation is symmetric it is redundant to draw the arrows.
The following diagram of R, is equally informative.

1 3

O £



Digraphs

® Directed Graphs (Digraphs):
A digraph G consists of two sets,
V(G) - the nonempty set of vertices of G,
E(G) - the set of edges of G,
with a function y: E(G) - V(G)xV(QG).

® if y(e) = (p,q), then e goes from p to q and:
p - the initial (source) vertex of e,
q - the terminal (final) vertex of e.

® Picture of a Digraph:
A picture of a digraph G is a diagram consisting of points,
corresponding to the members of V(G), and directed arcs
corresponding to the members of E(G), so that if y(e)=(p,q),
then a directed arc corresponding to e is drawn from the point
labeled p to the point labeled q.

® Example:
V(G) = {w,x,y,z}; E(G) = {a,b,c,d,e,f,g,h}
Y(a) = (w,z); y(b) = (W,x); Y(¢) = (X,2); Y(d) = (2,2);
v(e) = (2.X); Y() = @y); (&) = (y.w); Y(h) = (¥,x);




Paths in Digraphs

® A path in a digraph G is a sequence of edges such that the
terminal vertex of one edge is the initial vertex of the next.

For e,,....e, € E(G), e,.e,, e, 1s a path provided there are
vertices X,,X,,...,X.,X,,; so that y(e) = (XX, for
1=1,2,....n.

® Path Length:
The length of a path is the number of edges in the path.

® (Closed Path:
A path is closed if x, = x__,.

® Cycle:
A closed path, x,,x,,...,X,,X,, of length at least 1, is called a
cycle if x,,Xx,,...,x, are all different.

® Acyclic Digraph (DAG):
A digraph with no cycles is called acyclic.



® Examples:
f g a e - path of length 4 from z to x.
cececandfgafhc- paths
f a - not a path
fgafhcandcece- closed paths
fhceanddf - paths but not closed
afgandcfh-cycles
ce-cycle
d - cycle

c f gae - closed path but not a cycle



Adjacency Relation

® Given a digraph G and vertices v and w in V(QG), v is adjacent
to w if there is an edge in E(G) from v to w.

® Adjacency Relation 'A’' on V(G):
A ={(v,w) € V(G) x V(G) : vis adjacent to w} = Y(E(Q))

®Example:

A= { (WaZ)a(va)a(Xaz)’(ZvZ)’(ZvX)9(29Y)7(y’W)’(y’X)}



Graphs

® Graphs:
A graph G consists of two sets,
V(G) - the nonempty set of vertices of G,
E(G) - the set of edges of G,
with a function y: E(G) - {{u,v} : u,v € V(G)}

® For an edge e in E(G), the members of y(e) are called the
vertices or endpoints of e. We say e joins its endpoints.

® A loop is and edge with only one endpoint.

® Distinct edges e and f with y(e) = y(f) are called parallel or
multiple edges.

® Picture of a Graph:
A picture of a graph G is a diagram consisting of points,
corresponding to the members of V(G), and undirected arcs
corresponding to the members of E(G), so that if y(e)={u,v},
then an arc corresponding to e is drawn from the point
labeled u to the point labeled v.

® A path of length n from vertex u to vertex v in a graph G is a
sequence of edges ¢ .c,, ¢, together with a sequence of
vertices X,,X,,....X,,X,,, With y(e,)={x,,x,,,} fori=1,2,...,n and
X, =u, X,,,=V. If u=yv, the path is closed.

n+1 =



® Example:
V(G) = {w,x,y,z}; E(G) = {a,b,c,d,e,f,g,h}
y(@)={w,z}; y(b)={w.x}; y(c)={x,z}; y(d)={z,z} or {z};
y(e)={zx}; y(D={zy}; v(@)={y,w}; y(h)={yx};

The Path Its Vertex Sequence

fgb Zy WX

eabc XZWXZ

cabe XZWXZ

fda y z Z w - uses the loop
fdaadda yzzwzzzw-reuse of edges
fcbg yzZX WYy -closed

ce X Z X

c¢c ZX7Z



Adjacency Relation

® Given a graph (or digraph) G and vertices v and w in V(G), v is
adjacent to w if there is an edge in E(G) from v to w.

® Adjacency Relation 'A' on V(G):
A ={(v,w) € V(G) x V(G) : v is adjacent to w}

®Example:

A={(w,x),(w)y), (w,z),(X,w), (X,y), (X,2), (y,W), (¥,X), (¥,2),
(z,w), (z,X), (2,y), (z,2)}

® Reachable Relation 'R' on V(G):
R = {(v,w) € V(G) x V(G) : there is a path of length at least
I in G from v to w}

® In the above figure all vertices are reachable from all other
vertices; therefore, R = {all possible ordered pair}



Matrices
® A matrix is a rectangular array of elements.

® If a; is the entry in the ith row and jth column of matrix A, we
can then write:

a1 4y ayy
)1 Gy Gy

A =lay ap - ay|= [aij]
a’ml a’mZ a’mn

® The above matrix A is an mxn matrix (m rows and n columns).
® ;= AlLjl.
® Example - 3 X 5 matrix:

2 -10 3 2

A=11-21-1 3
3 01 2 -3



® 91, , 18 defined as the set of all mxn matrices.

® Equality of Matrices:
Two matrices A and B in 91, are equal provided that all
their corresponding entries are equal; i.e.,

A =B provided a;; = b; for all ij.

® Transpose of a Matrix:
The transpose A" of a matrix A in 9%, , is the matrix in 91, ,
such that
A'[ij] = Aljiil

2 1 3

2 -10 3 2 -1 -2 0
A=1 -21-1 3 AT=|0 1 1
3 01 2 -3 3 -1 2
2 3 -3

® A matrix A is symmetric if A = A",
® |1 x n matrices are call row vectors.
® m X 1 matrices are called column vectors.

2
v, =12 -1 3] wo,=|-1
3



® Matrix Sum:

If A =[ay], B =[b] € 91, ,, then A+B=C = [c;] € 91, , with

m,n?

C; = a; + b, for all i,).

or
(A +B)[1,j)] = Al1,j] + B[i,j] for all 1,j.
® Example:
2 40 1 0 53 31 -2
A=|-132B=|2 3 -21/C=|-50 2
312 ¢ -2 02 -2 ¢ 1
55 -2
A+C=|-6 3 ¢
55 3
2 0 10 6
B+B=(¢ 6 -¢ 2
8 -4 0 ¢
® Notes:

A + B and B + C are not defined.
A + A and C + C can be calculated if desired.



® Notes:
0 represents the mxn matrix with all entries of 0.

If A = [a;], then -A = [-a;] (-A is the negative of A).

® Theorem:

For A,B, and Cin 91, ,
AA+B+C)=(A+B)+C (associative law)
b)) A+B=B+A (commutative law)
ODA+0=0+A=A (additive identity)
DA+(-A)=G-A)+A=0 (additive inverses)

® Scalar Multiplication:
Given A € 91, , and ¢ € R, cA € 9, with (i,)) entry of cay,

or (cA)[1,j] = cA[i,j]
cA is called the scalar product of c and A.

® Example:




The Adjacency Matrix
® Consider a finite graph (or digraph) G with vertex set V(G).
®[etv,v,,...,v, bealist of the vertices in V(G).

® The adjacency matrix, is a square n X n matrix M such that
m;; = the number of edges from v, to v;.

01 0 0
1000
1200
300 1




The Adjacency Matrix and Relations

® Every relation R on a finite set S corresponds to a finite digraph
G with no multiple edges.

® Hence, it also corresponds to a matrix My of O's and 1's
® Consider R, on S = {0,1,2,3} defined by '<":

R, ={(0,0),(0,1),(0,2),(0,3),(1,1),(1,2),(1,3),(2,2),(2,3),(3,3)}

111
011
1001
000

kS
I}
I S S N =Y




® Consider R, on S ={1,2,3,4,5} defined by (m,n) € R, iff m - n
1S even:

R,={(1,D),(1,3),(1,5),(2,2),(2,4),(3,1),(3,3),(3,5),(4,2),(4,4),
(5,1),(5,3),(5,5)}

10101
01010
Mg =1 0101
01010
10101




® The matrix of the converse R™ of a relation R is the transpose of
the matrix for R.
Mg~ = My

® Consider R, on S = {0,1,2,3} defined by '<":

R,

t
T 1
[— [— [— [—
i Pk i o

® A relation R is symmetric iff M, = M, .

0 2 1 3
2020
1200
300 1




Multiplication of Matrices

® Two matrices A and B can be multiplied to get a product

matrix C = AB, provided that the number of columns of A
equals the number of rows of B.

® If A is an mxn matrix and B is an nxp matrix, then C = AB is an
mxp matrix defined by

n

Cp = z; agby,  for 1<ism and 1<k<p.
i

® Examples:
3 1o 3 0 BB
T2 o T 21 o5 T I
|31 |10 3_'-5-1 14
-2 4|21 -5 |10 € -26
3 1] [ 3 -1l [ 11 -7
A? - AA - _
-2 4 |-2 ¢ [-1¢ 18
3 -1 [ 1 6
Av, = =
B A R
! 2 -3 ¢ = Lo
I "l 9 -12




® The powers of adjacency matrices can be used to count the
number of paths between vertex pairs in graphs (or digraphs).

® The (i,j) entry in M* gives the number of paths of length k from
vertex 1 to vertex |J.

1 1] 2 71 2
00 0400
M - M?2 -

1001 1311

00 02 0 0
12112712 [32 23
0200 lo€¢o0o |08 00

M3 =MM?2 = -
1001/ l1311 [2 912
0100 0200 [0 ¢ 00




® Example:

V3 VA
12 2 1] 10 7 3 5
2201 7 95 ¢
M - M2 -
200 1 3 552
111 0 5 ¢ 2 3

122 1] [10 7 35 [35 39 25 20
220117 95 ¢ (39 36 18 21
M3 =MM? = -
2001|3552 2518 8 13

1110 |5 ¢«23 [2021 13 11




® Associative Law for Matrices:

If A is a mxn matrix, B is an nxp matrix, and C is a pxq
matrix, then (AB)C = A(BC).

® Note: Multiplication of matrices is not commutative.

® The Identity Matrix - I:
The identity matrix I is an nxn matrix where:
I[i,i]=1 fori=1,2,...,n
I[i,j]=0 fori #j.

1 00

® | is an identity matrix of size n (i.e., an nxn matrix)
o Al =1 A=A

°L I =1,
o (L) =1,



Equivalence Relations and Partitions

® A relation is an equivalence relation if it is reflexive,
symmetric, and transitive.

® Example:
Let S be a set marbles. We define a relation ~ on S as "has
the same color as". Relation ~ is an equivalence relation
since, for marbles s, t, and u:

(R) s ~ s for all marbles s,
(S)Ifs~t, thent~s,
(T)If s~tand t ~ u, then s ~ u.

Note: we can break up S into disjoint subsets so that elements
belong to the same subset iff they are equivalent (i.e., iff
they have the same color).

® Partitions:
A partition of a nonempty set S is a collection of nonempty
subsets that are disjoint and whose union is S.

® Example:
Let C be the set of colors of the marbles and define the
function f: S-C by f(s)="the color of s' for each s in S.

Then, the partition {f (c¢) : ¢ € C} is the set of subsets of S
such that the member marbles of each subset have the
same color.



® Equivalence Classes:
- Consider an equivalence relation ~ on a set S.

- For each s € S we define
[s]={teS:s~t}

- The set [s] is called the equivalence class containing s.

- The set of all equivalence classes of S is [S] where
[S]={[s]:s €S}

® Example - the marble example:
[s] is the set of all marbles that are the same color as s.
[S] = {{blue marbles},{red marbles},{green marbles},... }

® Example:
Define ~ on NxN by (m,n) ~ (j,k) provided that m*+n°=j’+k>.

1.e., The relation = {((m,n),(j,k)), ...}

Test ~ to see if it 1s an equivalence relation:
(R) (m,n) ~ (m,n) for all (m,n)
(S) If (m,n) ~ (j,k), then (j,k) ~ (m,n)

(T) If (man) ~ (J’k) and (J’k) ~ (P>q), then (man) ~ (paq)
Hence, ~ 1s an equivalence relation

[(0,10)] = {(0,10),(6,8),(8,6),(10,0)}
[(0,9)]=[3.H)]=[(4,3)]=[(5,0)] = {(0,5),(3,4),(4,3),(5,0)}

[NxN] = {{(0,0)},{(0,1),(1,0)},{(1,1)},{(0,2),(2,0)}...}



® [Lemma:
Let ~ be an equivalence relation on a set S. For s,t € S the
following assertions are logically equivalent (i.e., all are
true or all are false):

a)s~t

b) [s] =[t]
c)[s]N][t] # @

® Theorem:
- If ~ is an equivalence relation on a nonempty set S, then [S]
1S a partition on S.
- Conversely, if {A, :1 € I} is a partition on S, then the sets A,
are the equivalence classes corresponding to some
equivalence relation on S.

® Theorem:

(a) Let S be a nonempty set. Let f: S - T. Define s, ~ s, if
f(s,)=f(s,). Then ~ is an equivalence relation on S, and
the equivalence classes are the nonempty sets f (t), teT.

(b) Every equivalence relation ~ on a set S is determined by
a suitable function with domain S, as in part (a).

® Natural Mapping Function v:
v: S - [S] is defined by v(s) = [s]



® Example:
S = the set of marbles,
T = the set of colors,
f: S - T such that f(s) = the color of s,
v(s) = [s] = the set of all marbles the same color as s.
[S] = {the nonempty sets of f (t) : t € T}

® Example:
Define ~ on NxN by (m,n) ~ (j,k) provided that m*+n°=j’+k>.
Define f: NxN - N by the rule f(m,n) = m* + n’.
[NXN] = {the nonempty sets of { (1) : r € N}

® Example:
Define ~ on RxR by (x,y) ~ (z,w) provided x*+y*=z"+w".
Define f: RxR - R by the rule f(x,y) = x> + y°.
The equivalence classes are the circles in the plane RxR
centered at (0,0).
The function v maps each point (x,y) to the circle on which
it lies.



The Division Algorithm

® The Division Algorithm (Integer Division):
Let pelP. For each n € Z there exists q € Z and r € N such that
n=p-q+rand0<r<p.

® When n is divided by p
q is called the quotient,
r is called the remainder.

® [f we rewrite the conditions of the algorithm as:

-g+T wih 0<l<1then
p b p

q = integer part of n/p = |n/p |
r/p = fractional part of n/p

where | x | = greatest integer less than or equal to x
(another name for | | is the floor function)

r=(/p-|n/p))-p or (r=n-q-p)

® Example: n=31;p=7

n/p = 4.429
q=|31/7]|=4; r=31/7-4)7=3
r=31-28)=3
® Example: n=-31;p=7
n/p = -4.429

q=|-31/7]=-5; r=(31/7-(-5)7=4
r= (-31 -(7)(-5) = +4



Z(p)

® Given p € P, n MOD p = (n/p - |n/p])-p = the remainder mod p.
® /(p)=1{0,12,....p-1}

® MOD p is a function such that MOD p: Z -~ Z(p)

® MOD p maps Z onto Z(p) since n MOD p = n for n € Z(p).

® Congruence mod p - the relation '= (mod p)':
For m,n € Z, we define
m = n (mod p) in case m MOD p =n MOD p.

® Congruence mod p is an equivalence relation on Z determined
by the function MOD p: Z ~ Z(p).

® Theorem:
Let p € P. For m,n € Z, we have
m = n (mod p) iff m - n is multiple of p.

® Congruence Class mod p - [n]:
The equivalence class of n with respect to the equivalence
relation = (mod p) is called its congruence class mod p.
={me Z: m=n(modp)}.

® Example:
0], =12],=14],={n€ Z :niseven}
[1],=1[-3],=[73],={n € Z:nis odd}



® Theorem:
Letm,m’,n,n’ € Zandletp € P.
If m" = m (mod p) and n” = n (mod p), then
(@) m’ +n’ = m+ n (mod p),
(b)m’ - n’ = m - n (mod p).

® Corollary:
Let m,n € Z and p € P. Then
(a) (m MOD p + n MOD p) = m + n (mod p),
(b) (m MOD p) * (n MOD p) = m * n (mod p).

® The operators +, and *, on Z(p):
For j,k € Z(p):
j+,k=(+k)MODp
J *, k= (k) MOD p

® Theorem:
Let m,n € Z and p € P. Then
(a) (m + n) MOD p = (m MOD p) +, (n MOD p)
(b) (m * n) MOD p = (m MOD p) * (n MOD D)

® Example:
(6+3)MOD2=9MOD2=1
(6+3)MOD2=6MOD2+,3MOD2=0+,1=1
(8:3)MOD 6 =24 MOD 6 =0
(8-3)MOD6=8MOD6*,3MOD6=2%3=0



® Theorem:
Let m,n,r € Z and p € P. Then
(@ m+,n=n+ mandm* n=n%* m
(b) (m+,n)+,r=m+, (n+ 1)and
(m* n)* r=m* (n* r)
(c) (m+,n)* r=(@m* r)+, (n* r)
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