Homework Solutions - Section 4.1

9.
(a) Before the loop, m + n is even.
After the loop:
m'=m+ 1
n"=n+1
m' '+ n'=(m+1)+(n+1)=m+n+ 2 which is also even
(b) Before the loop, m + n is odd .
After the loop:
m'=m-+ 1
n"=n+1
m'+ n"=(m+1)+(n+1)=m+n+ 2 which is also odd



11.
(a)
Given i < j* before the loop withn =1,
To enter the loop, j >1; thus, after the loop:
i"=1+2
=i+l
Hence, with j >1
'=i+2<j+2<i+2j+1=(G+1)Y=;"
Therefore, i<j’is a loop invariant.
(b)
Given 0 < i < j* before the loop withn =0,
Since the case i < j* with j = 0 can not occur, j >1 and part (a) applies.
Therefore, 0 < i <j*1is a loop invariant
(c)
Given i < j* before the loop with n =0,
Let1=j= 0 before the loop.
Then,
i'=i+2=2¢j"=(G+1)Y=1
Hence, i < j* is not a loop invariant.
(d)
Given i > j* before the loop with n = 0,
Leti1=j= 1 before the loop.
Then,
i'=1+2=33%j"=(G+1) =4
Hence, i > j* is not a loop invariant.

17.

(a) r <73 is a loop invariant by definition of MOD 73.

(b) Givenr = 0 (mod 5)

Letr=5,thenr’'=31-rMOD 73 =155M0D 73 =9 = 0 (mod 5)
Hence, r = 0 (mod 5) is not a loop invariant

(c) r =0 1s a loop invariant vacuously (you never enter the loop)



19.

(a) yes

(b) no - because Z ¢ N

(c) yes

(d) no - because {n € Z :n*>17} ¢ N
(e)no-{neP:n*<0} =0

(f) yes

21.
(a) “a, b, and r are multiples of 5"
After the loop, with r > 0:
a’ = b (clearly a multiple of 5)
b’ =r (clearly a muliple of 5)
r'=a’MODb'=bMODTr
Now, since b= (b DIV r) * r+ (b MOD 1),
r"=bMODr=b>b - (bDIVr) " rwhich is a multiple of 5
Hence, “a, b, and r are multiples of 5" is a loop invariant.
(b) “a 1s a multiple of 5"
Letr=1and b = 3, then a’ = 3 which is not a multiple of 5.
Thus, “a is a multiple of 5" is not a loop invariant
(c) “r<b”
After the loop, r'=a’MODb'=bMODr<r=>b’
Hence, “r <b” is a loop invariant
(d) “r< 0"
This is an invariant vacuously - we never enter the loop.
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