Discrete Math

Sets Practice Problems: Solutions

1. Let U be the set of all the positive integers smaller than 19, let A be the set of all the even positive
integers smaller than 19, and let B be the set of all the positive integers smaller than 19 that
are divided by 3. The complement of sets are defined relative to the set U which contains both

A and B.

U

A

B

-A

-B
AUB
ANB
A\ B
B\ A
AAB
-(AU B)
-(ANB)

2. The following are four ways to write the two De Morgan’s laws for the four sets A, B, C, and D

= {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17,18}
{2,4,6,8,10,12, 14, 16,18}
{3,6,9,12,15,18}
{1,3,5,7,9,11,13,15,17}
{1,2,4,5,7,8,10,11,13,14, 16,17}

= {2,3,4,6,8,9,10,12,14,15,16,18}

= {6,12,18}

= {2,4,8,10,14,16}
{3,9,15}
{2,3,4,8,9,10,14, 15,16}
{1,5,7,11,13,17}

= {1,2,3,4,5,7,8,9,10,11,13,14,15,16, 17}

using the four negation notations for a set X: X', X, =X, and XC.

(AuBUCUD) = AnB'NnC'nD (AnBNnCnD) = AUuBUC'UD
AUBUCUD = AnBnCND AnBNnCNnD = AuBUCUD
-(AUBUCUD) = —An-BN-CN-=D -(ANBNCND) = -AU-BU-CU=-D
(AUBUCUD)® = A°nNBYnc®nDC (AnBnCcnD)Y = A°uBuc®uD®

3. The following is the principle of inclusion exclusion for the five sets A, B, C', D, and E.

|JAUBUCUDUE| =

+|A|+ |B|+|C|+ |D| + |E]
—|ANB|—-]ANC|—|AND|—|ANE|—|BNC
—|BND|—|BNE|-|CND|-|CNE|—|DNE
+ANBNC|+|ANBND|+|ANBNE|+|ANCND|+|ANCNE
+ANDNE|+|BNCND|+|BNCNE|+|BNDNE|+|CNDNE
—[AnBNCND|-|ANBNCNE|—|[ANBNDNE
—|[AnNCNDNE|—|BNCNDNE

+ANBNCNDNE



4. Prove that the distributive laws for sets are correct.

(a) (AU(BNC)) = ((AUB)N(AUC))

Proof:

e Let z € (AU (BNC)). There are two cases. In the first case = € A, and therefore
x € (AUB) and z € (AU C), which imply that x € (AU B) N (AU C)). In the second
case ¢ € (BNC), and therefore x € B and = € C, which imply that z € (A U B)
and x € (AU C), which imply that z € (AU B) N (AUC(C)). Since this holds for any
z € (AU(BN(O)), it follows that

(AU(BNC)) C ((AUB)N(AUC))

e Let x € (AUB)N(AUCQC)). Therefore, x € (AU B) and x € (AU C). There are two
cases. In the first case x € A, and therefore x € (AU (B N C)). In the second case
x ¢ A, and therefore x € B and x € C, which imply that x € (BN (), which implies
that x € (AU (BN C)). Since this holds for any = € (AU B)N (AUC(C)), it follows that

(AUB)N(AUC)) C(AUu(BNCQC))
e For two sets X and Y if both X CY and Y C X hold then X =Y. Therefore,

(AUBNC)) = ((AUB)N(AUC))
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(b) (AN(BUC)) = ((ANB)U(ANC))

Proof:

e Let z € (AN (BUC)). Therefore z € A. There are two cases. In the first case x € B,
and therefore z € (AN B), which implies that z € (AN B)U (AN C)). In the second
case z € C, and therefore x € (ANC), which implies that x € (ANB)U(ANC)). Since
this holds for any z € (AN (BUC)), it follows that

(AN(BUC)) C ((ANB)U(ANC))

o Let z € (ANB)U(ANC)). There are two cases. In the first case x € (AN B), which
implies that z € A and z € (BUC), and therefore x € (AN (BUC)). In the second case
x € (ANC), which implies that z € A and z € (BUC), and therefore z € (AN (BUC)).
Since this holds for any = € (AN B)U (ANC)), it follows that

(ANB)U(ANC))C(An(BUC))
e For two sets X and Y if both X CY and Y C X then X =Y. Therefore,

(AN(BUC)) = (ANB)U(ANC))
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5. Prove the following two statements:

(a) f ACBand AC C then AC (BNCQC)

Proof: Let x € A. Since A C B, it follows that x € B and since A C C, it follows that
x € C. Since x € B and x € C, it follows that x € (BN (). Since this holds for any x € A,
it follows that A C (BNC).

(b) If AC C and B C C then (AUB) CC

Proof: Let z € (AUB). If z € A then x € C since A C C and if z € B then z € C since
B C C. Since this holds for any = € (AU B), it follows that (AU B) C C.

6. Prove or give a counterexample for each of the following two statements:

(a) f AC Band BC C then ACC

Proof: Let z € A. Then z € B since A C B and x € C since B C C. Since this holds for
any x € A, it follows that A C C.

(b) If Aec Band B € C then Ae C
Counterexample:
A={1}  B={{1}} C={{1}}}
It follows that A € B and B € C but A ¢ C.

7. Let A and B be two sets. If 24 C 28, what is the relation between A and B? (For a set X, the
set 2% is the set of all the subsets of X.)

Answer: A C B.

Proof 1:
e Since A C A, it follows that A € 24.
e Since 24 C 2B it follows that A € 25.
e Since A € 28, it follows that A C B.

Proof 2:
o Let x € A.
e Since {z} C A, it follows that {2} € 24.
e Since 24 C 28 it follows that {z} € 25.
Since {x} € 2B, it follows that {x} C B.
Since {z} C B, it follows that z € B.
e A C B because this holds for any x € A.



8. Prove or disprove: for any three sets A, B, and C: C\ (ANB)=(C\ A)N(C\ B).
Counterexample: Define A = {1,2}, B ={1,3}, and C = {1,2,3,4}.
(a) AN B = {1} and therefore C'\ (AN B) = {2,3,4}.
(b) C\ A={3,4} and C'\ B = {2,4} and therefore (C'\ A) N (C \ B) = {4}.

(a) and (b) imply that for these three sets A, B, and C
C\(ANB)#(C\A)N(C\B)

o\ A C\B (C\ A)N(C\ B)

Remark 1: Observe that ((C'\ A) N (C\ B)) C (C\ (AN B)). The inequality happens when
either (C'N A)\ B is not empty, or (C'N B) \ A is not empty, or both are not empty. In the
counterexample, (CNA)\ B = {2} and (CNB)\ A= {3}.

Remark 2: The correct equality is the following version of one of the De Morgan’s laws:

C\(ANB)=(C\A)U(C\B)
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9. Let a(t) < b(t) < c(t) be the lengths of the three sides of a triangle ¢ in a non-decreasing order.
Define the following sets:

e T The set of all triangles.
e X: The set of all triangles ¢ for which a(t) = b(t).
e Y: The set of all triangles ¢ for which b(t) = ¢(t).

Using only set operations on these three set, define the following sets.

(a) X NY is the set of all equilateral triangles (all sides equal).

Explanation: Let F be the set of all equilateral triangles.
e Ift € E then a(t) = b(t) = ¢(t). Therefore, ¢t € X and ¢t € Y, which imply that t € XNY.
Consequently, £ C (X NY).
o If t € X NY then a(t) = b(t) and b(t) = c(t) and therefore a(t) = b(t) = ¢(t), which
implies that ¢t € E. Consequently, (X NY) C E.
e For two sets A and B, if both A C B and B C A then A = B. Therefore, E =X NY.

(b) X UY is the set of all isosceles triangles (at least two sides equal).

Explanation: Let I be the set of all isosceles triangles.

e If t € I then either a(t) = b(t), or b(t) = c(t), or a(t) = c(t). In the third case, since
a(t) < b(t) < c(t), it follows that a(t) = b(t) = c(t). Therefore, in the first case, t € X, in
the second case t € Y, and in the third case t € (X NY'). Hence, in all cases t € (X UY).
Consequently, I C (X UY).

o Ift € XUY then either ¢t € X and therefore a(t) = b(t) or t € Y and therefore b(t) = c(t).
In both cases ¢t € I. Consequently, (X UY) C I.

e For two sets A and B, if both A C B and B C A then A = B. Therefore, ] = X UY.

(¢) T\ (X UY) is the set of all scalene triangles (no two sides equal).

Explanation: Let S be the set of all scalene triangles.

e If t € S then since a(t) < b(t) < ¢(t), it follows that a(t) < b(t) < ¢(t). As a result,
te(T'\X)andte (T'\Y), and therefore t € (T'\ X)N (T'\Y)). By the De Morgan’s
laws, it follows that ¢ € (T"\ (X UY')). Consequently, S C (T'\ (X UY)).

o Iftc (T\(XUY)) thent¢ X and t ¢ Y. Therefore, a(t) < b(t) and b(t) < c(t). As a
result, a(t) < b(t) < ¢(t), which implies that ¢ € S. Consequently, (T'\ (X UY)) C S.

e For two sets A and B, if both A C B and B C A then A = B. Therefore, S =T\ (XUY).



10. For two positive integers m < n, let A be a set with m elements (|A| = m) and B a set with
n elements (|B|] = n). For each of the following sets, give upper and lower bounds on their
cardinality.

An upper bound states the maximum possible elements in the set. A lower bound states the
minimum possible elements in the set.

(a) 0<|ANB|<m
Explanation:
e [ANB| =0 when A and B are disjoint sets, and therefore the lower bound is less than
or equal to 0. The lower bound is exactly 0, since the cardinality of any set is greater
than or equal to 0.

e |[ANB| = |A| =m when A C B, and therefore the upper bound is greater than or equal
to m. The upper bound is exactly m, since the cardinality of the intersection of two sets
is less than or equal to the cardinality of the smallest set.

(b) n<|AUB|<m+n
Explanation:
e |AUB| = m+n when A and B are disjoint sets, and therefore the upper bound is greater

than or equal to m + n. The upper bound is exactly m + n, since the cardinality of a
union of two sets is less than or equal to the sum of the cardinalities of both sets.

e [AUB| = |B| =n when A C B, and therefore the lower bound is less than or equal to
n. The lower bound is exactly n, since the cardinality of the union of two sets is greater
than or equal to the cardinality of the largest set.
(c) 0<|A\B|<m
Explanation:
e |[A\ B| =|0| =0 when A C B, and therefore the lower bound is less than or equal to 0.

The lower bound is exactly 0, since the cardinality of any set is greater than or equal to
0.

e |A\ B| = |A] = m when A and B are disjoint sets, and therefore the upper bound is
greater than or equal to m. The upper bound is exactly m, since the cardinality of A\ B
is less than or equal to the cardinality of A.

(d) n—m<|B\Al<n
Explanation:
e |B\ Al =n —m when A C B because there are exactly n — m elements in B that are

not in A. Therefore, the lower bound is less than or equal to n — m. The lower bound
is exactly m — m, since B \ A must contain at least n — m elements that are not in A.

e |[B\ A| = |B| = n when A and B are disjoint sets, and therefore the upper bound is
greater than or equal to n. The upper bound is exactly n, since the cardinality of B\ A

is less than or equal to the cardinality of B.



11. There are 50 students in a class. 30 students study Math, 25 students study Computer Science,
and 15 students study both Math and Computer Science. It follows that

(a) 15 students study only Math.

(b) 10 students study only Computer Science.
(c) 10 students study neither Math nor Computer Science.

Proof: Let C be the set of all the students in the class, let M be the set of students who study
Math, and let S be the set of students who study Computer Science. We know that |C| = 50,
|M| =30, |S| =25, and |[M N S| = 15.

(a) M\ S is the set of students who study only Math. Since M \ S = (M \ (M NS)) and
(M NS)C M, it follows that
IM\S|=|M\(MNnS)|=|M—-|MnS|=30—-15=15
(b) S\ M is the set of students who study only Computer Science. Since S\ M = (S\ (SN M))
and (SN M) C S, it follows that
IS\ M| =[S\ (SNM)|=|S|—-|SNM|=25-15=10
(¢c) M US is the set of students who study either Math or Computer Science or both. Therefore,

C'\ (M US) is the set of students who study neither Math nor Computer Science. By the
inclusion-exclusion principle,

IMUS|=|M|+|S|—|MnNS|=30+25-15=40
Since (M U S) C C, it follows that
IC\ (MUS)|=|C|—|MUS|=50-40=10

C] = 50




12. 36 students take the Discrete Structures class. They had 3 quizzes called X, Y, and Z.

e Surprisingly, only 1 student did not get an A on any quiz while the rest of the students got
an A (aced) on at least one quiz.

e 21 students aced X, 19 students aced Y, and 17 students aced Z.

e 9 students aced both X and Y, 11 students aced both X and Z, and 8 students aced both
Y and Z.

Definitions: Let X, Y, and Z be the sets of students who aced quizzes X, Y, and Z respectively.
The problem provides the sizes of the following sets: |X| =21, |Y| =19, |Z| =17, | X NY| =9,
IXNZ|=11,]YNZ|=8,and | XUY UZ| = 1.

Answers:

(a) How many students aced at least one quiz? | X UY U Z| = 35.
IXUYUZ|=36—[XUYUZ|=36—1=35

(b) How many students aced all three quizzes? | X NY NZ| = 6.

e The principle of inclusion and exclusion implies that

35 = |[XuYuZ|
IX|+ Y|+ Z] - | XNY|—|XNZ|-|YNZ|+|XNYNZ|
= 214+194+17-9-11-8+|XNYNZ|
= 29+|XNYNZ

e This is equivalent to [ X NY N Z| = 35— 29 = 6.
(c) How may students aced both X and Y but not Z? [XNY NZ| = 3.

XNYNZ=|XNY|-|XNYNZ=9-6=3
(d) How may students aced both X and Z but not Y? [XNY NZ|=5.
IXNYNnZ=|XNnZ-|XNYNZ=11-6=5
(e) How may students aced both Y and Z but not X? [XNY NZ| = 2.
IXNYNZ=|YNnZ-|XNYNZ|=8-6=2
(f) How may students aced only X? = | X NY NZ|=7.
XNYNZ=|X|-|XNYNZ —-|XNYNZ -] XNYNZ=21-3-5-6=17
(g) How may students aced only Y? | X NY NZ| = 8.
IXNYNZ=|Y|-|XNYNZ|-|XNYNZ—-|XNYNZ|=19-3-2-6=8
(h) How may students aced only Z? | X NY NZ| = 4.

IXNYNZ|l=|Z-|XNnYNZ-|XNYNZ-|XNYNZ|=17T-5-2—-6=4



Z

06=6+3+2+5+7+8+4+1
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